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1 Introduction 



The algebra Ai oi N x N complex matrices can be considered as a finite quantum space (indeed, 
a finite-dimensional vector space, as will be used in what follows). As such, it is a representation 
and corepresentation space for finite-dimensional (dual) quantum groups. If some physical problem 
involves such an algebra, it could therefore be tempting to think that this system has a (kind of) 
quantum symmetry. The role of fundamental object of the symmetry would now be played by a 
Hopf algebra, instead of a usual Lie group. In the case at hand the relevant quantum groups are 
particularly interesting, in view of the fact that, unlike the generic-g case, they have a non-trivial 
radical and their representation theory involves indecomposable non-irreducible representations. 
Being finite-dimensional, they are also much simpler to analyse explicitly. Moreover, our knowledge 
about them is still much less complete than that of the generic-g case. 

Although our paper discusses several topics that can already be found in the literature (but we 
incorporate them to improve the reading, to set notations and for completeness' sake) we develop 
several aspects that, up to our knowledge, cannot be found elsewhere. Mainly, these include 
the construction of the (finitc-dimcnsional) differential algebra over Ai , the decomposition of this 
algebra and of its differential algebra as representations of the quantum group that acts on them, 
and the definition of a scalar product on M that is invariant under the quantum group action. 

The algebra A4 can indeed be generated by two Heisenberg generators x and y satisfying the 
commutation relation xy = qyx, where q is an A^-root of unity. These basic facts are recalled in 
Section |^. As a consequence, there is on this algebra a coaction of a quotient J- of the quantum 
group Fun(SLq(2, C)); this is reminded in Section]^. Consequently, the dual Ti of J-, also a finite- 
dimensional quantum group, acts on the algebra of N x N matrices. Explicit formulae for the 
pairing between H and and for the action of 7i on have been given by [Q, |^ . The structure of 
H had been studied before by and its representation theory had been given by [Q . In Section ^ 
we recall these duality properties and examine this action from the point of view of the reducible 
indecomposable representations of the quantum group Ti, which is not a semisimple algebra. The 
unitary group of the semi-simple part of H turns out to be isomorphic with U{3) x U{2) x U{1); 
for this reason, this Hopf algebra was conjectured (see |jl^) to encode a quantum group of "hidden 
symmetries" in the standard model of electroweak interactions. However, the task of implementing 
this observation at the level of the lagrangian describing the theory has not been completed, and it 
seems that this idea would require some non trivial modifications of the model itself; nevertheless 
this remark provided one of the motivations for the present work. 

In Section |^ we introduce a (unique) real structure on A4, J- and Ti and construct a compatible 
hcrmitian scalar product on the space of matrices (the star operation on M does not coincide 
with the usual hermitian conjugacy on matrices). Next, in Section ^ we introduce the Manin- 
dual of our reduced quantum plane, and show how coacts and Ti. acts on it. In Section ^ we 
define differential forms on the algebra A4 and study their properties. The differential algebra 
flwzi-M) that we introduce is a quotient of the Wess-Zumino complex 1^ constructed originally 
for the 2-dimensional quantum plane. When g is a third root of unity, Ai is the algebra of 3 x 3 
matrices and Ti, (or JF) are of dimension 27. The differential algebra ilwz{A4) is of dimension 
36. Since Ti acts on A4 and on its Manin dual, it also acts on il.\yz{A4) and we study this 
algebra in terms of the representation theory of Ti.. Given an associative algebra — not necessarily 
commutative — one can define connections and covariant derivatives, for any choice of a differential 
calculus over the algebra of interest. The definition and properties of such connections are studied 
in Section ^; we also consider, as a particular case, connections that are hermitian for the star 
operation introduced before. In Section ^, we show how to couple these differential forms to usual 
space-time by constructing a differential algebra equal to the tensor product of QwziAi) with 
the usual differential forms (antisymmetric tensors on space-time). Generalized connections can 
then be defined. They incorporate a usual one-form valued in the space of 3 x 3 matrices and two 
matrix- valued scalar fields. These connections transform covariantly under a simultaneous action 
of the usual Lorentz group and the finite-dimensional quantum group Ti.. It would certainly be 
interesting to build a classical Lagrangian field theory along these lines, but this involves some 
deeper problems that are mentioned in the concluding section. 

The paper ends with a number of short appendices. In them we first describe a set of 3 x 3 
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generalized Gell-Mann matrices with entries in the quantum group T. Then we give the structure of 

the principal indecomposable modules and the most general covariant metrics on the representation 
spaces of the algebra Ji, we study the space of differential operators on M. and finally write down 
the universal i?-matrix of W. 
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2 The space Ai of 3 x 3 complex matrices as a reduced quan- 
tum plane 

2.1 From elementary N x N matrices to the x,y generators 

It has been known for a long time that the algebra oi N x N matrices can be generated by two 
elements x and y with the relations 

xy = qyx , ^ y^ ^ 1 , (1) 

where q denotes an A^-th root of unity {q =/= 1) and 1 is the unit matrix. 

Let us make explicit, in the particular case = 3, this well known (but sometimes forgotten. . .) 
property. 

Let g be a cubic root of unity {q I) and take 





It is then easy to check that the above relations between x and y are indeed satisfied (use q~^ = q^), 
and that they generate the whole algebra. Many formulae that we shall write in the following can 
be easily generalized when N is an arbitrary integer, but we shall stick to the case = 3. 

Any 3x3 matrix can obviously be expanded on the base made of the nine elementary ma- 
trices Eij (such a matrix has a single non-zero entry 1 in position and is filled with zeros 
elsewhere). One can express the elementary matrices themselves in terms of x and y. Calculations 
are straightforward, and give 



Ell 


-(14 


- X + a 


•2)/3 


E 


Ei3 




+ xy"^ 


+ a;V)/3 


E, 


E22 


-(14 


- qx 4- 


+ qx^y)/3 


E, 


E31 


= (2/4 


- q^xy 


E._ 


E33 


= (14 


- q^x 4 


-qx^)/3 





{y + xy + x^y)/i 
(y2 + qxy"^ + q^x^y^)/^ 
{y + qxy + q^x^y)/i 
(y^ + q^xy'^ + gx^y^)/3 



The unit matrix (1) itself can be written in terms of the generators x and y (since x^ — y^ — 1). 
Therefore, one can also express the usual Gell-Mann matrices that generate Lie{SU{3)) in terms 



of the generators x and y. These expressions are shown in Appendix A. 

Warning: the set of 3 x 3 matrices is endowed with a usual star operation (that we denote f ): 
hermitian conjugacy. It is clear that x and y are unitary elements (with respect to f): x^ — x^^ = 
x^ and y^ = y~^ = y^ . As a matter of fact, this star operation does not have good properties with 
respect to a quantum group action that we shall introduce later. We shall return to this important 
problem in a forthcoming section. 



2.2 ^A = M^iC) as a reduced quantum plane 

The associative algebra generated, over the complex numbers, by x and y with the single (quadratic) 
relation yx = q~^xy is known as "the algebra of polynomials over the quantum plane" and is often 
denoted by Funq{'C^) or by Cg[a;, y]. We shall just call it Cg. When g = 1, this algebra is commuta- 
tive and can be considered as the algebra of polynomials C[a;, y] over the usual plane, x and y being 
the two coordinate functions. The dimension of Cg — as a vector space — is infinite, since powers 
of the generators do not satisfy any particular new relation. On the contrary, in the algebra M3 (C) 
of 3 X 3 matrices over complex numbers, the generators x and y, on top of the above quadratic rela- 
tion, satisfy also the cubic relations a;'^ — 1 and y^ = 1. The dimension is then clearly equal to 9, as 
it should, since one can choose the following base of generators: {1, x, y, a;^, y^, xy, x^y, xy'^ , x^ y"^} . 
One can therefore consider M3(C) as the quotient of the associative algebra Cg, when g"^ — 1, by 
the bilateral ideal generated by the relations — 1 = and y^ — 1 = 0. Here Cg denotes the unital 
extension of Cg (the former is obtained by adding a unit, namely 1 to the later). For this reason 
we can consider the space of 3 x 3 matrices over C as a reduced quantum plane. 
Warning: ^A = M3(C) is not a quantum group. 
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3 The finite-dimensional quantum group T 



3.1 Construction of T as an algebra 

Let us start with a classical analogy and call x and y the coordinate functions on the plane. One 
can make a linear change of coordinates and call x' and y' the new coordinate functions: 



y' ) ~ \c d) \y 



(2) 



We can assume the transformation to be unimodular [ad — be — 1). Rather than considering 
X and y as numbers, we think of them as coordinate functions. In the same way, we do not 
take the matrix elements a, 6, c and d as numbers but as functions on the group of coordinate 
transformations: when g denotes such a transformation then a{g), b{g), c{g) and d{g) are numbers, 
namely, the matrix elements of g. This change in the perspective explains why we write a tensor 
product sign in the previous formula. . . evaluation on points of the group and of the space gives 
the transformed coordinate functions. 

One could also introduce line vectors, with coordinate functions x, y. The same change of 
coordinates would read 

(i y)^ix y)<^(^l J) . (3) 

From now on, we shall no longer assume that symbols x and y commute but that they should 
satisfy the relations discussed in the previous section, namely xy = qyx, x^ = y^ = 1. Symbols x 
and y can therefore be represented by the 3x3 matrices already given. As before, Ai shall denote 
the algebra generated by x and y. 

One then introduces non-commuting symbols a,b,c and d and imposes that quantities x',y' 
(and X, y) obtained by the previous matrix equalities should satisfy the same relations as x and y. 
We call JF' the algebra generated by the elements a,b,c and d. The product in !F' ^ A is defined by 
{fiE)z){giS>w) = f g® zw, in other words, a, 5, c, c? commute with a;, We have a similar definition 
for the multiplication in A® T' . The two constraints x'y' — qy'x' and xy — qyx lead to the six 
quadratic relations |^ 

ac ~ qca bd = qdb 

ab — qba cd — qdc (4) 

be = cb ad — da = {q~ q~^)bc . 

The algebra generated by a, b, c and d (take products and sums) together with the six above 
relations is usually denoted Fun{GLq{2,C)) and is the algebra of would-be functions over the 
quantum group GLq{2,C). Calling such elements "functions" is, of course, a misnomer, since they 
are not valued in any field of numbers and. . . do not commute. 

The element "D = da — q~^bc = ad — qbc is central (it commutes with all the elements of 
Fun{GLq{2))); it is called the g-determinant and we set it equal to|^ 1. Adding this extra relation 
defines the algebra Fun{SLq{2, C)). 

Now, we should remember that x^ = y^ = 1. Imposing x'^ — y'^ = 1 (and also x^ = y^ — 1) 
implies again new relations. 
For instance, 

a;'^ = (a (g) a; + 6 (g) y)^ 

= (g) + a'^b (g x^y + aba g) xyx + ba'^ g) yx^-\- 

ah^ (g xy'^ + hab (g yxy + b^a g) y'^x -^b^ ®y^ 
= (g a;^ + (1 + Q + q^)aH ®x'^y + {l + q + q'^)ab'^ (g xy'^ + b^ ®y^ 
= g) a;^ + 6^ g) j/^ 

where we used 1 + g + = since g is a third root of unity. 

^ We will use 1 to denote the unit element of and the — to be defined — quantum group H., indistinctly. 

Which one this symbol refers to, should be easily understood from context. In case this were not obvious wc will 
use 1^, Ih- 
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This, together with the analogous constraints on y',x,y, imply: 

a' = 1 , 6' = , , , 

c3 = , rf3 ^ 1 . 

Imposing these cubic relations on Fun{SLq{2, C)) defines a new algebra that we denote with JF. 
We call it the reduced quantum unimodular group associated with a cubic root of unity. Actually 
one should better call it the algebra of would-be functions over the reduced quantum unimodular 
group SLq(2,C) but we shall shorten the terminology. 

Since = 1, multiplying the relation ad — 1 + qbc from the left by leads to 

d = a2(l + g6c) (6) 

so d is not needed and can be eliminated. The algebra J- can therefore be linearly generated — as 
a vector space — by the elements a^b^c'* where indices a, 7 run in the set {0, 1, 2}. We see that 
J- is a Enite-dimensional associative algebra, whose dimension is 

dim{T) = 27 . 

Let us stress the fact that this very particular algebra J- (which turns out to be a quantum 
group) emerges naturally in relation with the study of the algebra M of 3 x 3 matrices. 

3.2 JF as a quantum group 

is not only an algebra but also a quantum group, in other words, a Hopf algebra. This amounts 
to say that besides its algebra structure (a product), it has a coalgebra structure (a coproduct) 
and that the two structures are compatible (hence it is a bialgebra); moreover one can also define 
maps called antipode and counit obeying the appropriate axioms. 

There are now several more or less elementary textbooks on the subject of quantum groups 
and the interested reader should refer to them for general properties. We shall simply give the 
definitions for the coproduct, antipode and counit, in the present case. The reader will easily show 
that all required properties are indeed satisfied. These three maps being algebra morphisms (or 
antimorphisms) it is actually enough to define them on the generators. 

Coproduct: It is an algebra morphism A from the algebra T to the algebra T ® i.e., A(mw) = 
Aw Aw. It is given by Aa — a®a + b®c, Ab — a(g)fe+6<8id, Ac = c(>^a+d(^c, Ad — c(^b+d(Sid. 

Antipode: It is a (linearQ) antimorphism S from to JF, i.e., S{uv) — Sv Su. It is given by 
Sa — d, Sb = —q^^b, Sc = —qc, Sd = a. 

Counit: It is a morphism e from J- to the complex numbers C and is given by e(a) = 1, e(6) = 0, 
e(c) = 0, e(d) = 1. 

Actually, one can give a rather short proof of the fact that .F is a Hopf algebra. It is enough to prove 
that the two-sided ideal I defining the quotient JT = Fun{SLq{2,C)) /T is a Hopf ideal. I is the ideal 
generated by the relations a'^ — 1 = 0, d"* — 1 = 0, 6'^ = and c"* — 0. Being T a Hopf ideal means: 
AT C I !g) Fun{SLq{2,C)) © Fun(SLq{2,C)) ® 2:, e{I) = and S{I) C /. This is easy to show. For 
instance, we see that 

Aa^ = {Aaf = {a^a + b^cf 

= (gia^ + {1 + q + q^)a^b ® a^c + (1 + g + q^)ab'^ ® ac^ + b^^ 

— a" ® a' + }f' ® 

but Al = 1 ® 1, so that 

2A(a^ -\)=a ® (a^ - 1) + (a^ - 1) ® + (a^ - 1) ® 1 + 1 ® (a^ - 1) + 26^ ® 

which is indeed in I ® Fun{SLq{2,C)) © Fun{SLq{2,C)) ®F. 

T is, by construction, an associative algebra. However, it is not semisimple. This can be seen 



easily from the faithful realization given in Appendix C. (this realization, in terms of matrices with 



entries in an algebra generated by two commuting symbols ^1, ^2 whose cube power vanishes is due 
to Ogievetsky, |^). ^ is therefore not a matrix quantum group in the sense of Woronowicz [ p^ : 
whatever the involution and the scalar product we choose, it will never be a C*-algebra. 

^ Wc stress that the antipode is a linear antimorphism, in contrast with the star operation that will be introduced 
in Section B which is an antilinear antimorphism. 
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3.3 T coacting on M. 

What is called coaction of on is precisely what was described, in simple terms, at the 
beginning of this section. Actually, we have two coactions: a left coaction and a right one. We 
have 

x' = = a(g)X + b(g)y (7) 

y' = Alu ^ cSix + di^y 

and 

X = AjiX — x®a-\-y®c (8) 
y ^ Any — x(X)5 + ?/(g)c? 

Both Al and A/? can be extended to arbitrary elements of M by imposing the property^ 

AL,i?(zw) = Al,r{z) AL,Riw) 

for any z,w £ A4. 

M itself, endowed with the two coactions A^ and A^ is not a quantum group but a left and 
right comodule, i.e., a corepresentation space of the quantum group JF. This means that the right 
coaction (for instance) maps i-^ JF, in such a way that 

{AR(g)id)AR{z)^{id(SA)AR{z) (9) 

and 

(zrf ® e)Afl(z) = z , (10) 

for any z Cz A4. Here one should not confuse A (the coproduct on the quantum group) with Ar^l 
(the R, L-coaction on A^)! These conditions are indeed satisfied. . . the interested reader may check 
that. 

Moreover, Al is a left and right comodule algebra over J-. There are two extra axioms that 
have to be satisfied in order to have a comodule algebra structure, in particular a compatibility 
axiom between the coaction and the product in M. These extra conditions read: 

^lM^w) = Al,r{z) Al,/?(w) (11) 

for z, w any elements of the algebra. This is just the equation we have used to extend the coaction 
to the whole M, thus is trivially satisfied. If the algebra also has a unit, the coaction should verify 

Al,/?(1) = 1« . (12) 

Using this coaction, and recalling that Ai is the algebra of 3 x 3 matrices, one can build a set 



of generalized Gell-Mann matrices with entries in the quantum group !F, as it is done in Appendix 



Notice that although !F coacts on A^, it does not act on it. This is exactly what happens in the 
usual (commutative) situation: the algebra of functions on the group of unimodular transformations 
of the plane coacts on the algebra of functions on the plane (there are indeed tensor product signs 
in the formula x^a(E)x + b(E)y, even if it is sometimes convenient not to write them. . . ). In the 
present situation, we have no "points" and it makes a priori no sense to speak about the action of 
a would-be group on would-be points. The coaction of on A4 is however well defined and allows 
such a terminological abuse. 

As a matter of fact, there is an algebra that acts on Al, it is not T but its dual, that we call 
7i. We shall return to this in the next section. 



^ Taking into account this condition, we see that the equations 

^R,L{xy - qyx) = 



are completely equivalent to the ones we used in Section 3.1 to obtain the relations {j^ for the quantum group J^. 
Therefore they also imply (W). 
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4 The dual of JT 



4.1 Classical analogies 

One should think of T as an analogue of the space of functions Fun(G) over a Lie group G (in 
our case, G itself does not exist) and H — that we shall introduce now — as a finite-dimensional 

analogue of the universal enveloping algebra of the Lie algebra of G. Another fruitful analogy is 
to take T as the analogue of the space of functions over a finite group G and Ti. as an analogue of 
the group algebra CG. 

As in the classical case, arbitrary elements X of W can be understood in several ways: 

• As distributions on T: wc evaluate X on the "function" u £ T. The result is a number called {X, u) . 

• As invariant differential operators acting on the "functions" u. The result is another element of T, 
that we call X[u]. Actually, as in the classical case, one can define two kinds of invariant operators: 
left-invariant ones (coming classically from the right action of a group on itself) and right-invariant 
ones (coming from the left action). 

• As a differential operator acting on the space of "functions" M (classically functions on a manifold 
on which the group G acts). Let z be such a function. We call X[z\ the result. This is another 
element of M. 

• Abstractly, as an element of the associative algebra Ti, i.e., classically, an element of the enveloping 
algebra U{Lie{G)). 

The remaining part of this section is devoted to a short study of these various aspects. 



4.2 The finite-dimensional quantum group Ti. 

Being the dual of J^, it is clear that W is a vector space of dimension 27. It can be generated, as 
a complex algebra, by elements X±, K and K^^ obeying a number of relations. Midtiplication 
and comultiplication in Ti, can be obtained from the corresponding ones in its dual JF, but here we 
gather most of the relevant formulae abstractly defining W as a Hopf algebra, with generators X± 
and K, without using its duality with T. 

Product: 

KX± = q^^X±K 

= ^-1-^^{K - K-^) (13) 

A'-' = 1 

xl = x^_ = 

Coproduct: The comultiplication is an algebra morphism, i.e., A{XY) = AX Ay. It is given by 

AX+ = X+®1 + K®X+ 

AX_ = X_(g) K-^ + 10X_ (14) 
AK = K®K 
AK-^ = K-'^<giK-'^ 



Antipode: The antipode S is an anti-automorphism, i.e., S{XY) = SY SX. It acts as follows: 
51 =1, SK = /sT-i, SK-'^ = K, SX+ = -K-'^X+, SX_ = -X_K. As usual, the square 

of the antipode is an automorphism (and it is a conjugacy given — up to multiplication by a 
central element — by K^^, hence wc can write S'^u = K^^uK). 

Counit: The counit e is defined by el =l,eK = 1, eR-^ = 1, eX+ = 0, eA_ = 0. 

The previous multiplication relations allow to order any monomial of the algebra freely gener- 
ated by X± and K as X^K^Xl. Moreover, bsX^ = Q and = 1, it is evident that the 27 = 3^ 
elements {(X"JC'^X2)}a,/3,-ye{o,i,2} span W as a vector space over C. 
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Note that the element X+X^ — {q^^K + qK^^)/3 commutes with all elements oiH. Therefore 
its plays the role of a usual Casimir operator. 

Remark: In |l| the authors study the pairing between a (reduced) universal enveloping algebra and 
the algebra of functions on quantum SL{2,C), in the case = f. However, they factorise the universal 
algebra over the relations — 1, I± — 0, rather than K'^ — 1, X± = 0. Their choice for generators 7± and 
k differs from our X± and K (actually, k = K^^^, 1+ — qX+K and 1- = qX-K^). The obtained algebra 
a is twice as big as ours {k^ is a central element but is not equal to 1). 

4.3 H as the dual of JF (distributions) 

Being J- a quantum group (a Hopf algebra), its dual Ti. = J-* is a quantum group as well. Let 
u £ J- and X £ H. We call < X,u > the evaluation of X on u (a complex number). 

• Using the coproduct A in !F, one defines a product in H (this is the so-called convolution 
product of distributions and it is often denoted by but we shall omit this symbol in the 
sequel) : 

< XiX2,u >=< Xi (g> X2,Au > 

• Using the product in !F, one defines a coproduct (that we again denote A) in TiQ: 

< AX, ui (g) U2 >=< X, U1U2 > 

• The interplay between unit and counit is described by the two relations: < 1-h,u ^-J^i^) 
and < X, Ijr eniX)- 

The two structures of algebra and coalgebra are clearly interchanged by duality. 

Ti. is the linear dual of J-'. In other words, if J- were a space of smooth (resp. continuous) func- 
tions over a compact space, Ti. would be the corresponding space of distributions (resp. measures). 

All possible pairings can be computed from those between the generators K, X± and a, 6, c. 
They are given by: 

<K,a>=q <K,b>=0 <K,c>=0 <K,d>=q^ 
<X+,a>=0 <X+,b>=l <X+,c>=0 <X+,d>=0 (15) 
<X_,a>=0 <X_,fe>=0 <X_,c>=l <X_,d>==0 

The fourth column of this table can be obtained from the first three (remember that d = a'^{l+qbc)). 

Remark: the previously given multiplication and comultiplication equalities for the generators 
of Ti (in particular the appearance of q rather than its inverse) cannot be given arbitrarily; indeed 
they have to be compatible with those given for the dual, J-. In other words, once the duality 
formulae defining the generators X± have been chosen, one cannot choose independently "the q 
of J^" and "the q of Ti" . Conversely, if we start with the formulae defining multiplication and 
comultiplication in and Ti., the pairing formulae are essentially unique. 

To see this, let us suppose given, for instance, the comultiplication relations for Ti and determine the 
constraints for both the pairings and the multiplication in Ti. Choose the basis a^V c'' in the vector space 
JT. At the same time we choose a basis K^X-'^X^ in the dual vector space JT, with pairings 

<K,a>=a < K,b> = < K,c>=0 
<X+,b>=l3 < X+,a >=< X+,c>= 
<A_,c>=7 < X_,a >=< X_,6 >= 

etc. where a, (3, 7 are numbers that we are going to determine. 

First of all, let us calculate < X+,ab > and < X+,ba >. Known commutation relations in (or 
comultiplication in Ti) will imply that a = q. Indeed, 

<X+,ab> = < AX+,a(Sb >=< X+ 1 + K igi X+,a(g)b >= + al3 
<X+,ba> = < AX+,b(S a >=< X+ 1 + K igi X+,b(g) a >= 13 + . 

• Some authors define < AJf , ui (B> U2 >=< X, U2U1 >, in order to increase the correspondence with the classical 
case. This alternative definition corresponds to use our A°'' = to A as a coproduct, where r produces a permutation 
of factors in the tensor product. 
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But ab = qba, therefore a = q. 

Then, we shall calculate < KX+,b > and < X+K,b >. This will imply KX+ = q^X+K. To do that, 
we need to find < K,d>. We know that d = a^{\~\- qbc) , therefore 

<K,d> = < AK,a'^ (g) {1 + qbc) >=< K,a'^ X K,{1 + qbc) > 

= < AK, a(»a> {< K,l> +q < K,bc>) = q'^{l + 0) = q'^ . 



Now, 



But 



Therefore 



<KX+,b> = < K (g) X+,Ab >^< K (g) X+,a(g)b + b(g) d > 

= < K,a >< X+,b> + < K,b>< X+,d>^ qP + 



<X+K,b> = < X+ ® K,Ab>^< X+ ® K,a®b + b(i) d> 

= < X+,a>< K,b> + < X+,b>< K,d>=0 + f3q'^ 



< X+K, b>=q< KX+,b > — > KX+ = q'^X+K 



Finally, there are no conditions on /3, 7 and we can take /3 — 1 and 7=1 

We conclude that the following conditions are compatible: ab — qba, < K,a >= g, Xj^K — q^X+K. 
Such considerations justify the defining relations given a priori, in Section i.2 



4.4 Actions of Ti 

One can define several actions of Ti. on 7i, of Ti. on T and of 7i on A^. Wc briefly mention them 
in the present subsection. 

() H acting on H 

There is a natural action of Ti. on itself given by the multiphcation, thus we can define: 

• the right action R[X]Y = YX, 

• the right action R'[X]Y = S{X)Y, 

• the left action L[X]Y = XY, 

• the left action L'[X]Y = YS{X). 

However, none of these actions is compatible with the algebra structure in Ti., i.e., none of these 
make Ti. an 7i-module algebra. 



(} Ti acting on JF 

Let X, Y be elements of Ti, i.e., Hnear forms on T, or even distributions on the would-be group G. 
Take u & T. Using the pairing <, > between these dual Hopf-algebras, one can define actions of 
Ti on T , that are dual to the ones on TL we have just defined: 

• the left action defined by 

< Y,X[u] >=< YX,u> . 

It comes from the right action of H on itself given by muhiphcation, _R[X]y = YX. This 
is a left action of H on JF, since ~ X[Y[u]]. It is also compatible with the algebra 

structure of !F because = Xi[u]X2[f], where AX = Xi ^ X2 (implicit summation). 

Thus we also say that !F is & left H-module algebra. Notice that < F, >=< YX,u >= 
<Y X, Au >=< y (g) X, Ml (g) M2 >=< Y, ui >< X, U2 >. Therefore, we have exphcitly 

X[u] — Ui < X,U2 > . 



• the left action defined by < F, >=< S{X)Y,u >, which is not compatible with the 
multiplication of T: more precisely, it involves a twist because = X2[m]Xi[?j]. 
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• the right action defined by 

<Y,X[u] >=<XY,u> . 
It is obviously a right action on JF, since = y[X[u]]. 

• the right action defined by < 1", >=< YS{X),u >. 

Again, the first right action is compatible with the algebra structure of J-' whereas the second one 
involves a twist. 

From now on, we shall choose consistently the left action of H on !F defined by < F, >= 
< YX, u > . Explicitly, we find for the left action of the generators X± and K on !F 

X+[a]=0 X+[b]=a X_[a] = b = K[a] = qa K[b]^q^b 

X+[c] =0 X+[d]=c X_[c] = d X^d] = K[c] = qc K[d] = q^d 

For every X in Ti, one can associate a linear operator X[] from to T. This operator is 
sometimes called a "left invariant operator for the coproduct A" because AoX[] = (irf(g)X[])oA, 
where o denotes the composition of maps and id is the identity map. 

Indeed, A(X[w]) = A(wi) < X, U2 >= [un 8 U12) < X,U2 >= (id ® id® < X, ■ >)(«ii (g) «i2 ® M2). But 
(uii®ui2®M2) = (mi®«2i®M22), because of the coassociativity of A (recall that (A(g)id)oA — (id®A)oA). 
So A{X[u]) = (id (8) id® < X, ■ >)(ui (g) «2i ® 1122) = ui U21 < X,U22 >= (id ® X[]){ui ® 112) = 
{td(SX[])A{u). 

The space of left invariant operators on J- — the dual of Ti. — is isomorphic with Ti. itself since 
~ X[Y[u]]. Explicitly, the isomorphism X ^ X[] and X[] X is given by X[u] = 
(zd(g) < X,- >) o A and < X,u >= e o X[u] where e is the counit of JF. In a classical (i.e., 
group- like) situation, it would have been equivalent to evaluate X[u\ at the identity of the group 
to get < X,u >. 

On the contrary, the space of right invariant operators (for the coproduct A) is anti-isomorphic 
with H, since with a right action (Xy)[u] — Y[X[u]]. 



Remark about the classical case 

An easy way to remember the previous results is the following. First we introduce classical gener- 
ators of Lie{S L{2)) in the fundamental representation, i.e., the usual matrices 2L±j 2£.3 8'iid define 
K^q^3: 



X^ = 



1 



— + V / ' — 



x_ = 



0, 

1 o h -3- 







q 

q-^ 



Now we have a left action on j^^/ass^ which for a generic Y_ e Lie{SL{2)) readsP 



Y' 



a b 
c d 



dl^' 



and a right one which is defined analogously. For the generators, this action reads explicitly 



a b 
c d 



X, 



a 
c 



a b 
c d 



X 



b 
d 



a b 
c d 



X, 



-b 
-d 



^ Note that the foUowing equations should be interpreted as equalities amongst entries of the matrices, i.e., 



X^[a] X^[b] 



etc. This explains why this action is a left one, in spite of being given by a right multiplication; for example: 



a b 
c d 



X'l 



b 
d 



X^lb] 
Xi[d] 



a 
c 



a b 
c d 



x+x^ = {x^x_f 



This action is nothing more than the left action of the classical enveloping algebra of a Lie algebra on functions 
U £ C{G) of the corresponding classical group G. Being dual to the right-product action = Y X, it is given 

infinitesimally for the Lie generators x by 2:[C/]|g = U\g(^\+a:) ~ ^\g^ 
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Observe that X.± and X3 act by derivation on jT*^'"*"^ and K_ as an automorphism. Indeed, the 
above left classical action (and the corresponding right one) of Lie{SL{2)) on J^'^'"** may also be 
written in terms of operators (classical derivations) 

— — da oc — — ac ad 

It is easy to check that, for instance (and as it should!) 

[^3>^+] = , [xj,Kl] = +'2X1 ' [Xf ,^+] = -2Z? • 

We recover the fact that left fundamental vector fields build up, in the classical case, the Lie 
algebra itself. 

As we see, it turns out that the formulae ( |l^ ) expressing the action of Ti on the quantum 
generators a,b,c,d are the same as the classical ones. However, the quantum action cannot be 
extended by derivations, when the same quantities act on arbitrary elements of J^: the action 
of invariant linear operators is then carried out by twisted derivations (derivations twisted by 
automorphisms) . This can be easily seen remembering that one should use the coproduct of Ti. to 
act on products of 



(} H acting on A4 

Using the fact that T coacts on A4 (an algebra of matrices) in two possible ways, and that elements 
of Ti. can be interpreted as distributions on J-', we obtain two actions of Ti. on the quantum space 
A4. We shall describe them for arbitrary elements and give explicit results for the generators. 

Let z £ Ai. We know that coacts on Ai from the left and from the right. For the left 
coaction, we have A^z = Ua 'S' Za with Ua & T and Zq, £ M (implied summation). For instance 
/S.LX = a ® X + b ® y . Let X be an element of TL. Using the pairing between TL and we set 

X^[z\ = (< X, • > (g)id)ALZ =< X, Ua> Za , (17) 

which makes it into a right action of on A^. Moreover, it makes A4 a right-7i- module algebra. 
For instance, ^+ [x] =< X+, a > x+ < X+, b > y — Ox + ly — y. 

T also coacts on Jv[ from the right, so that A/jz — Za®Va with z^ £ M. and Va £ T (implied 
summation) . For instance A^x — x® a^- y® c. Taking X ^Ti., and using the Ti-J- pairing we can 
define the left action 

X^[z] = {id® < X, ■ >)Arz =< X, Va> Za . (18) 

With this i-action we can check that Ai a left-7i-module algebra. In particular, ^ x < 

X+, a> +y < X+, c >= Ox + Oy = 0. 

We stress again that we have denoted with X^ the operators on A4 corresponding to the left- 
action of an element X G Ti on Al, but this action is indeed dual to the ri^/ii-coaction of J- on 
M . The same happens for the right-action. One should therefore use the notation involving upper 
indices L or R with some care. 

To obtain the action of an arbitrary element X G on a product zw of elements of A^, one 
may use the definition (above) or the following property (notation should be clear): 

X^[zw]=m[{AX)^[z(E)w]] . 

It is therefore enough to know the action of the generators X±, K on. A4 (complete 27 x 27 tables, 
with other conventions, can be found in One finds: 
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Right 




-ir 7? 




Left 






xt 


1 


1 








1 


1 








9 

XV 


qx^y 


—xy 


1 




qx^y 


q^l 


9 

— XV 




9 9 

q xy 


1 


-x^y 




9 9 

q xy 


-x'^y 


qn 


X 


qx 


y 





X 


qx 





y 


V 


q^y 





X 


y 


q^y 


X 







2 2 
















X y 


— X 


-y 


xW 


x'y' 


-qy 


~qx 


x' 


q^x^ 


-xy 





x' 


q'^x'^ 





-q^xy 


xy 


xy 


y' 


x^ 


xy 


xy 


9 

qx 


qy^ 




qy^ 





-xy 


y" 


qy'^ 


-q^xy 






Table 1: Right and left actions of 7i on 
Notice that, up to multipUcative factors, 



XI 



xf 



y 

xy 
X" 



X^ 



X' 



x^y^ and X 



xy 



X' 



(19) 







x'^y 




We see clearly on these diagrams that (up to numerical factors) the right action is obtained from 
the left one by interchanging arrows for X+ and X^. 



Differential operators on A4 associated with the Ti. action 

Here, we are only concerned with those differential operators on A4 associated with the quantum 



group action of Ti.. A more complete analysis can be found in Appendix F. They are obtained by 
considering products and powers of X^'^ , x^'^ acting from the left or from the right as before. 
From now on we will stick with the left action. 

We also consider elements of A4 acting by multiplication as differential operators of order zero: 
let z G A^, then, for example, x[z] = xz. Let X £ Ti.; the reader should distinguish between 
Xx — which is a differential operator on A4 {Xx[z] = X[x[z]] = X[a;z]) — from X[x] which is an 
element of M. It makes therefore perfect sense to study the commutation relations, say, between 
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X and X. We shall use such relations later. Here, we establish the commutation relations between 
X, y — taken as differential operators of degree — and X±,K. 
Let z € M. Consider, for instance, 

Xl[xz] = Xl[x\ l[z] + K^[x\ = + qxX^[z] . 

Therefore Xf x = qx X^. Similarly, we obtain: 



X'jlx 


= qxX^ 




X^x 




+ x 


K^x 


= qxK^ 




Ky 


= x + q^y 


xi 


X'ly 


- yx^_ 











(21) 



Any element of Ti. can also be written explicitly in terms of differential operators on M] see 



Appendix F 



It may be useful to notice that it is possible to introduce "conformal weights" so that previous 
formulae are homogeneous with the following weight assignments: {X-^, K^, X^) i-^ (1, 0, —1), and 
(1/2,-1/2). 

4.5 The structure of the non-semisimple algebra H 

The algebra Ti. can be explicitly defined — and many of its properties understood — without using 
anything more sophisticated than basic multiplication or tensor products of matrices as well as 
elementary calculus involving anti-commuting numbers (Grassmann numbers). This construction, 
inspired from was explicitly performed in Q for = 3 and used to analyse the representation 
theory of H. The analysis for other values of N can be found in We just recall here the results 
and establish the relations with the previous notations. 

The finite-dimensional quantum group Ti. can be defined as the algebra H = M3 ® (M2|i(A2))o, 
where M3 is the set of 3 x 3 complex matrices and (M2|i(A^))o is the Grassmann envelope of the 
associative Z2-graded algebra M2|i(C^), i.e., the even part of its graded tensor product with a 
Grassmann algebra A^ of two generators. 

To see this explicitly, let A^ be the Grassmann algebra over C with two generators, i.e., the 
linear span of {I, Oi, 02,0102} with arbitrary complex coefhcients, where the relations 0^ — 02 = 
and 0102 = —^2^1 hold. This algebra has an even part, generated by 1 and 0i02, and an odd part, 
generated by 0i and 02- We call M3 the algebra of 3 x 3 matrices over the complex numbers and 
M211 another copy of this algebra that we grade as follows: a matrix V € M2\i is called even if it 
is of the type 



V = 

and odd if it is of the type 

V = 

We call (M2|i(A^))o the Grassmann envelope of M2\i which is defined as the even part of the tensor 
product of M211 and A^, i.e., the space of 3 x 3 matrices V with entries Vn, V12, V21, V22, V33 that 
are even Grassmann elements (of the kind a + (30i02) and entries F13, V23, V31, V32 that are odd 
Grassmann elements (of the kind 7^1 + 602)- We define H as 





V12 





V21 


V22 











V33 
















1^23 


V31 


V32 






H = M3e(M2|i(A2))o 
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Explicitly, 



(* * *\ /an + /3ii6'i6'2 au + (3i29i02 713^*1 + <^136'2 \ 
* * * e a21 + I32l9l92 a22 + /3226'l^'2 723^*1 + <523^'2 
* * * J \ 7316*1 + 63182 7326*1 + '5326'2 "33 + P33O192 / 

All entries besides the 6''s are complex numbers (the above © sign is a direct sum sign: these 
matrices are 6x6 matrices written as a direct sum of two blocks of size 3x3). 

It is obvious that this is an associative algebra, with usual matrix multiplication, of dimension 
27 (just count the number of arbitrary parameters). H is not semisimple, because of the appearance 
of Grassmann numbers in the entries of the matrices. Its semisimple part 7i, given by the direct 
sum of its block-diagonal 6'-independent parts is equal to the 9 + 4+1 — 14-dimensional algebra 
H = M3(C) ® M2(C) ® C. The radical (more precisely the Jacobson radical) J of H is the left-over 
piece that contains all the Grassmann entries, and only the Grassmann entries, so 7i = Ti./J. The 
radical has therefore dimension 13. 

In order to write generators for H, we need to consider 6x6 matrices that have a (3 x 3) ® 
((2|1) X (2|1)) block diagonal structure. We introduce elementary matrices Eij for the M3{C) part 
and elementary matrices Fij for the M2|i(C) part. The associative algebra Ti. defined previously 
can be generated by the following three matrices: 



X+ = E12 + E23 + {I — 9i92/'2)Fi2 + 0i{F23 + F31) 
X- = —E21 — E32 + (1 ^ ^1^2/2)^21 + 6*2(^13 — F32) 
K = q^Eii+E22+q^'^E33+qFii+q-^F22+F33 



Explicitly, one gets 



X+ = 



X- 



K 




Performing explicit matrix multiplications or using the relations EijEjk — Eik, FijFjk = Fik and 
EijFjk — FijEjk = 0, it is easy to see that the defining relations of H are indeed satisfied. 

As mentioned in Section 4.2, the center of 7i is generated by a Casimir operator C. Its explicit 
expression reads 



/ 



C 



2/3 











-2/3 











-2/3 















1/3-6162 

1/3 + 6*1 6^2 , 
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The problem of studying representation theory for Ti is solved by considering separately all 
the columns defining Ti. = M3 ® (M2|i(A^))o as a matrix algebra over a ring. We just "read" 
the following three indecomposable representations from the explicit definition of Ti. First of all 
we have^ a three-dimensional irreducible representation 3irr = (ci,C2,C3) (where Ci are complex 
numbers) coming from the M3 block. Notice that the three columns of the M3 factor give equivalent 
irreducible representations. Next we have two reducible indecomposable representations (also 
called "PIM's" for "Projective Indecomposable Modules") coming from the columns of (M2|i(A^))o. 
Notice that the first two columns give equivalent representations — that we call = (!>eve — and 
the last one gives the representation Pq = 6odd- Each of these two PIM's is of dimension 6. The 
PIM's are also called "principal modules" . 

Po and Pe, although indecomposable, are not irreducible: submodules (sub-representations) are 
immediately found by requiring stability of the representation spaces under the left multiplication 
by eleme nts of H. The lattice of submodules of H is given and discussed in We recall these 
results in Appendix D. Here we just want to note (because it will be useful shortly) that 60 and 6e 
both contain indecomposable (but not irreducible) sub-representations of dimension 3. Indeed, take 
Ai, A2 e C, set A = G CP^, and define 6\ = Xidi + X292- We obtain, for each A, a representation 
3odd spanned by {'j6\, ■y'6\,a9i92) and a representation 3eve spanned by {(30i92, 13'9i92,59\). Here 
the coefficients (3, /?', 7, 7', a, 5 are arbitrary complex numbers. 



4.6 Decomposition of = M^{C) into representations of Ti 

Since there is an action of Ti on Ad, it is a priori clear that , as a vector space, can be analysed 
in terms of representations of 7Y. It turns out, as it is easy to see from ([l9| ) or ([2C|), that 

AA- ^ 3irr ffi Seue 3odd ■ 

More precisely, 

• 3irr is spanned by a:^,a;y,?/^, 

• 3eve is spanned by x , y , , 

• 3odrf is spanned by 1, x^y, xy^. 

If we attribute a Z3-grading 1 to a; and y, these three spaces carry gradings respectively equal to 
2, 1,0. This same analysis can be done in a more general N case, the interested reader can find it 
in[|l). 

The algebra A^, as a vector space, carries therefore a 9-dimensional reducible representation 
of 7i and splits into the direct sum of an irreducible representation of dimension 3 and two in- 
equivalent representations of dimension 3 that are reducible but not fully reducible. As described 
previously, these last two representations ieve and iodd appear as subrepresentations of two projec- 
tive indecomposable modules of dimension 6. It is easy to see (cf. diagrams below) that i^ve — 2cf 1 
where 2 denotes a two-dimensional invariant subspace (but 1 is not) whereas iodd = l€E 2 where 1 
denotes a one-dimensional invariant subspace (but 2 is not). 

One possible identification between TL acting from the left on AA and 2>irr ® '^eve ffi "^odd as 
elements of the left regular representation of Ti, is as follows: 



9 

X ^ 


- Ei2 x - 


01^2^11 x^y ~ 


{9i — 02)^13 


xy - 


E22 y ^ 


^1^2^21 xy^ ~ 


{9i — ^2)^23 




^ E32 x'^y^ - 


i9l - 02)^31 1 - 


9l92F33 



In order to establish this identification, it is enough to compare the values of for the generators 

X of Ti. and z £ A4, with those obtained by left matrix multiplication using the above realisation of H 
as M3e(M2|i(A2))o (of course, we could use right matrix multiplication and compare with the values of 
A"^[z] given before). For instance, in the case of the generator X+ we obtain 

x+Ei2^o x+eie2Fii=o x+(e^ - e2)F^:i ^ -e^eiF^^ 

X+E22 = E\2 X+9\62F2\ — 6162F11 X+{6i — 62)F23 = {0\ — 62)^13 
X+E32 = E22 X+(Si — 62)^31 = —6162F21 X+6i62F[i3 — 

® The following should bo read as "column vectors" . 
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to be compared with 



X+[xy] =qx^ 



X^[x] =0 

Xi\y]=x 







X'^[x'y] = q'l 



= -q'xy xt [xY] = -gy [xy'] = -x'y 

One obtains in this way two identical 3x9 tables. 

This can also be seen by comparing the following diagrams with those obtained previously: 



E 



12 



X4 



X. 



E2 



X. 



E32 











X. 



X. 



(6*1 - 6i2)F3i and X_ 




O1O2F3S 



O162F21 



t T 

(^1 - e2)F23 
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5 Reality structures 



We now want to obtain a reality structure (a star) and a scalar product on the space of matrices 
M., with covariance properties under the quantum group transformations. 

5.1 Real forms and stars on quantum groups 

A *-Hopf algebra J^' is an associative algebra that satisfies the following properties (for all elements 
a, b in !F'): 

• is a Hopf algebra (a quantum group), with coproduct A, antipode S and counit e. 

• J^' is an involutive algebra, i.e., it has an involution * (a 'star' operation). This operation 
is involutive {* * a = a), antilincar (*(Aa) = X * a, where A is a complex number), and 
anti- multiplicative {*{ab) = {*b)(*a)). 

• The involution is compatible with the coproduct, in the following sense: if Aa = ai (8)02, then 
A * a = *ai (S) *ci2- 

• The involution is also compatible with the counit: e(*a) = e(a). 

• The following relation with the antipode holds: S * S * a = a. 
Actually, the last relation is a consequence of the others. It can also be written 

s* = *s-'^ . 

It may happen that S"^ = id, in which case S* = * S, but it is not generally so (usually the square 
of the antipode is only a conjugacy). 

If one wishes, using the * on one can define a star operation on the tensor product T' ®!F' , 
by *(a (g) 6) = *a (g) *6. The third condition reads then: 

A* = * A , 

so one can say A is a *-homomorphism between T' and P ® T' (each with its respective star). It 
can also be said that e is a *-homomorphism between T' and C with the star given by complex 
conjugation. 

A star operation as above, making the Hopf-algebra a *-Hopf algebra, is also called a reai iovm 
for the given algebra. Very often, it is convenient to write a* = *a. A real element is, by definition, 
an element such that a* = a. Notice that a product of real elements a and b is not real in general 
{{aby — b*a* = ba), but the anticommutator of two real elements, i.e., the Jordan product, is real 
(lab + ba)* = b*a* + a*b* =ab + ba). 

5.1.1 Twisted stars 

It may happen that one finds an involution * on a Hopf algebra for which the third axiom fails in a 
special way, namely, the case where Aa = ai(^a2 but A*a = *a2(^*ai. In this case S* = * S. Such 
an involution is called a twisted star operation. Remember that, whenever one has a coproduct A 
on an algebra, it is possible to construct another coproduct A°p by composing the first one with 
the tensorial flip: if Aa = ai (g a2, then A°^'a = 02 (g ai. If one deflnes a star operation on the 
tensor product (as before) by *(a (g) 6) = *a (g) *6, the property defining a twisted star reads 

A* = * A°P . 

One should be cautious: some authors introduce a different star operation on the tensor product, 
namely *'{a (g) 6) = *6 *a. In that twisted star operation obeys A * = *' A ! 

*-Hopf algebras seem to be "better" than Hopf algebras endowed with twisted stars (their 
representation theory is more interesting). In any case we shall only be interested in genuine 
"true" *-Hopf algebras and the only reason why we mention these twisted stars here is that we 
want to rule out some of the possibilities that we shall meet later. 
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5.2 General results concerning real forms for the classical group SL{2, C) 
and the quantum group Fun{SLq{2,C)) 

The following results are known and can bo found easily in the literature. Classically, one can 
define several real forms for SL(2, C), by selecting the elements which are unitary with respect to 
a given scalar product G, which defines a conjugacy on the group. This last one, in turn, may be 
thought as coming from a real form on the universal enveloping algebra of the Lie algebra of the 
group. If'U=^" '^'1/(2, C), one may impose u*Gw = G. There are three cases: 

1. Here G = (^^ " The corresponding real form is called SU{2). The matrix elements obey 
a* =6,(3* = -7, 7* = and 5* = a. 

2. Here G = The corresponding real form is called SU {1,1). The matrix elements 
obey a* = (5, /?* = 7, 7* = /3 and 5* = a. 

3. Here G = . The corresponding real form is called SL{2,M). The matrix elements obey 

a* = a, /3* = /?, 7* = 7 and 6* = 5. 

In the classical case, SU (2) and SL{2, R) have the same finite-dimensional representations (they do 
not have the same infinite-dimensional ones). For this reason there is a one to one correspondence 
between the Hopf algebras of these two groups (indeed, the Hopf algebra of a group can be con- 
sidered as the space of polynomials on matrix elements of finite-dimensional representations). The 
star operation allows one to distinguish between the two groups. Moreover, in the classical case, 
the two groups SU{1, 1) and SL{2,'R.) are isomorphic. One could also consider the complex group 
SL{2,C) itself as a real group (the spin covering of the Lorentz group) but the dimensionality is 
twice bigger and we are not going to follow this route in the quantum case — at least not in the 
present paper. 

In the quantum case, one has also three possibilities for the star operations on Fun{SLq{2, C)) 
(up to Hopf automorphisms): 

1. The real form Fun{SUq{2)). The matrix elements obey a* = d, b* = —qc, c* = —q~^b and 
d* = a. Moreover, q should be real. 

2. The real form Fun{SUq{l, 1)). The matrix elements obey a* = d, b* = qc, c* = q~^b and 
d* = a. Moreover, q should be real. 

3. The real form Fun{SLq{2,R)). The matrix elements obey a* = a, b* = b, c* = b and d* = d. 
Here q can be complex but it should be a phase. 

In the quantum case, it is already clear from these results that taking q a root of unity is incom- 
patible with the SUq real forms, and that the only possibility if we assume g-*^ = 1 is to choose 
the star corresponding to Fun{SLq{2,Rj). Notice also that, in the quantum case, the two real 
forms Fun{SUq{l, 1)) and Fun{SLq{2,M.)) are different (already the range of values where q can 
be chosen do not coincide). 

5.3 Real forms on T 

Having only one real form compatible with a complex q on Fun{SLq{2,C)) already tells us that 
there is at most one real form on its quotient JF. We only have to check that the star operation 
preserves the ideal and coideal defined by = d'^ = 1, b^ = = 0. This is trivial because a* = a, 
b* = b, c* = c and d* = d. Hence, this star operation can be restricted to J^. 

This real form can be considered as a reduced quantum group associated with the real form 
Fun{SLq{2,R)) of Fun{SLq{2,C)). 

5.4 Real structures and star operations on A4,H 

Now we would like to introduce an involution (a star operation) on the comodule algebra A4. This 
involution should be compatible with the coaction of J^. That is, we are asking for covariance of 
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the star under the (right, left) JF-coaction, 



(Afl,L z)* - /^B.Az*) , for any z e M . (22) 

Here we have also used the notation * for the star on the tensor products, which is defined as 

{A(g) B)* = A* ^ B*. Using, for instance, the left coaction = d)'^(^) '^'^ 

immediately that Fun{SUq{2)) corresponds to the choice x* = y,y* = —q^^x. Writing xy = qyx, 
one also recovers the fact that, in this case, q should be real. In the same way, we find that the 
real form Fun{SUq{l,l)) corresponds to the choice x* — y,y* — q^^x. Finally, the real form 
Fun{SLq{2,R)) corresponds to x* — x and y* = y. 

As q'^ — 1, we stick to the Fun{SLq(2,'U.)) case since it is the only one compatible with a 
complex q. We therefore define the star on = Af3(C) by 

X* = x , y* ^y ■ (23) 

We now want to find a compatible * on the algebra TC. Of course, one could proceed by using 
duality with J-, but it is both handy and instructive to proceed otherwise. 

We let A4 act on itself by multiplication and we want to promote this star operation to an 
involution defined for all operators acting on A^. In particular, on the operators determined by 



the action of 7i, given in Section 4.4. To this end, we apply the * operation to the commutation 
relations between x,y and the differential operators (or X-^), and read off the results. For 
instance, X^ y = x + q'^yX^ implies y (X^^)* = x + q'^{Xi^)* y and this suggests (X^^)* = -q'^{Xi^). 
In this way we obtain: 



{xi^r = -q^Xl 

{X^y = -qX^ 

and 

{x^y = -qx^ 
{x^y = -q^x" 
{K^y = 

Notice the change of q into q^^ when going from left to right. As the space of operators coming 
from a left action is isomorphic with Ti. itself, the star operation in Ti. is the same as the one 
obtained for the operators X^,K^, namely 

XI = -q^X+ , X*_ = -qX^ , K* = K . (24) 

Now, of course, one has to check that this involution satisfies all the axioms given at the beginning of 
this section. This is rather straightforward. For illustration, let us compute A{X1) and S * S * X-: 

A(X1) = ~qAX^ = -q{X-(g,K-^ + 1(E)X-) 

= XI (gi {K-''y + r ® x*_ 
= {Ax.y 



and 



S*S*X^ = S*S{-qX-)^S*{-qSX-)^S{*{qX^K))^S{q^K*Xl] 
= q'^S{K{-qX-) = -S{X-)S{K) = 
= X- 



Adding the cubic relations x'^ ~ l,y^ = 1 in Ai, and the corresponding ones in the algebra H, 
does not change anything to the determination of the star structures. This is because the (co)ideals 
are preserved by the involutions, and thus the quotients can still be done. 
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Anyway, as Ti. is dual to T (or Uq{sl{2)) dual to Fun{SLq{2,C))), we should have dual 
structures. This means the relation 



<h*,u>=<h,{Su)* > , hen,ueJ^ (25) 

holds. Moreover, the covariance condition for the star, equation (p2[), may also be written dually 
as a condition for * under the action of Ti.. This can be done pairing the component of equation 
( p^ ) with some h H. One should next recall the definition of the left action ( p^ ) (the right action 
if we are using the left coaction in (p2|)) and the duality (|2^) that relates both *-Hopf stars. One 
gets finally the constraint on to be Ti. covariant, 

h{z*) = [{Sh)*z]* , h£H,zeM. (26) 

Note that the ^-operation that we obtain on the algebra Ai — Af3(C) does not coincide with 
the usual hermitian conjugacy (f-operation) on matrices, at least when x and y are represented 
with the 3x3 matrices given in Section § (they were such that x"^ = x~^ = x'^ and = y~^ = V^)- 
Moreover, it can be seen that it is not possible to find a star operation on the quantum group T 
that would respect the f involution on M. 

The situation here is reminiscent of the case where one introduces a "bar" -operation (Dirac 
conjugacy) on Dirac matrices (Clifford algebra for usual space-time) that is distinct from usual 
hermitian conjugacy. One remembers that, using this involution, one can build a scalar product 
on the space of spinors which is spin-invariant (the scalar product built using the usual hermitian 
conjugacy being positive but not invariant). The situation here is somewhat similar. 

Remark: Note finally that one could be tempted to chose the involution defined by K* — K^^, 
= ±X_ and X* = ±X+. However, as it is easy to check (look for instance at the compatibility 
with the coproduct), this is a twisted star operation. This last star operation is the one one 
would need to interpret the unitary group of H as U{3) x U{2) x C/(l), which could be related 
to the gauge group of the Standard Model |l2| . Instead of using the standard Hopf-structure on 
Uq{sl{2,C)) with this twisted star, a better sound mathematical alternative would be to look for 
a non-standard Hopf-structure for this quantum group (i.e., a different coproduct, but preserving 
the multiplication), such that ★ becomes a normal star operation. 



5.4.1 Matrix representation of the ^-operation on M 

The star operation for A4 introduced above {^x = x, *y — y) can be written explicitly in terms of 
3x3 matrices. Let us define the charge conjugation matrix C: 




C= 1 (27) 



For every element m of the algebra M we set 

*m^{CmC-y, (28) 

where f denotes the usual hermitian conjugation (the transpose of the complex conjugate matrix). 
This is clearly a star operation: it is conjugate-linear, involutive (*(*m) = m), anti-multiplicative 
(*(mn) — {*n){*m)), and unital (*1 = 1). Remark also that C = C^^ = . 

/I \ /o 1 0' 

Let us represent the generators x and y, as before, by x = o q^^ o ) and y ~ { o o i 



9"^/ \1 



With (^8|) it is then easy to check that *x = x, *y = y. Therefore the star operation defined 
explicitly as before in terms of the charge conjugation matrix C implements the abstract star 
operation introduced above. We already know that this star structure on A4 gives rise to star 
structures on the quantum group J- and its dual Ti. that are compatible with their Hopf algebra 
structure. 

The most general self-adjoint element should satisfy *to — m, hence the vector space generators 



11 2 22222 22 

1, X, y, X , qxy, y , q x y , q xy , qx y 



20 



are "real" in the sense that they are self-adjoint for The same is obviously true for any hnear 
combination of these generators with real coefficients. Using this, it is easy to write the most 
general 3x3 matrix that is self-adjoint for the star *. It can be written as: 



with 



020 


qaii 


002 \ 






an 




ao2 


(7^020 / 


aw 


OOl 


ga22 \ 






aoi 


aoi 


022 


gaio / 


floo 


021 


ai2 ^ 


9012 




^21 


qa2i 


ai2 


^00 , 



020 a;^ + an qxy + 002 



aio a; -I- aoi y -f a22 qx'^y^ 



Oiodd = 9012 aoo a2i \ = ai)Ql + a2iq X y + ai2q xy , 
\qa21 ai2 aoo / 

where all the a^s are arbitrary reaJ numbers (warning: indices r, s of a^s refer to the coefficients of 
x^y'' and not to the line or column indices of the corresponding matrix elements). 

Notice that starting from the defining relations for the algebra M in terms of x and y, and 
imposing x* = x,y* = y, it is not possible to find a matrix representation of this algebra for which 
these matrices would be (f-)hermitian. Indeed such matrices would be in such a case diagonalisable 
with real eigenvalues, but the condition x^ = y^ — 1 would then imply x = y = 1. 

5.4.2 Inverses and unitary elements in A4 

To study the inverses of elements of , it is useful to define 

Co{t) = i(exp(i) + exp{qt) + eMq^t)) 
Ci{t) = jC,{t) 
C2it) = ^C.it) 

These functions appear as generalizations of sine and cosine functions when one replaces Z2 by Z3. 
They seem to have been invented several times in the literature (an old reference is [p^). Call 

D{a, b, c) = + ~ 3abc 

T{a, b, c) ~ ~ be 

In particular, it is easy to see that D{Co, Ci, C2) = 1 (a generalization of sin^ + cos^ = 1). 
Writing M — 3irr © •^eve ffi '^odd, it can be shown that (with obvious notations) 

Inverse{3eve) C 3jrr , Inverse{3irr) C 3eve , but Inverse{3odd) C 3odd ■ 

More precisely, given an arbitrary element Uodd G Sodd, we have 

Uodd ^ aoo 1 -f' ai2 q'^xy'^ + 021 q^x^y 

a^dd = 7T? r- [r(aoo,ai2,a2i) 1-f r(a2i,aoo,ai2)(7^xy^ +r(ai2,a2i,aoo)g^a;^y] . 

1^(000, ai2, a2ij 

Taking a^^^ e 3e„e, 

aeve = aio X + amy + 022 qx^y"^ 



a 



eve 



^ - ^ [r(aio,aoi,a22)a;^ -|-T(a22,aio,aoi)(jxy-f r(aoi,a22,aio)y^ 



-D(aio, aoi, 022) 
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Finally, for a general airr G Sim we see that 
a-irr = 020 x"^ + ail qxy + ao2 Z/^ 

a~rl = r [7'(a2o, an, 002)2; + r(ao2, 020, an) y + T(aii, 002,020) <?a;^y^] • 

^^(,020, On, ao2j 

The result Inverse(Sodd) C 3odd should not be surprising, since 3odd is an abelian subalgebra of M 
(the two other subspaces are not subalgebras); this algebra is actually isomorphic with the algebra 
C[Z3] of the abelian group Z3. Moreover, using this last isomorphism we can write 

M = C[Z3] © X C[Z3] e C[Z3] = 3odd © 3eve © . 

Remark that when the coefficients are real, the generic elements ao^d, o-^ve and airr written 
above are also real. 

Since Zodd is a subalgebra, it is interesting to consider the unitary elements within iodd (with 
respect to our star operation). A unitary element {u* = u~^) can be written u — exp(ia), with 
a* = a {a is "real"). Therefore, working on 3odd, u can be expanded as u = exp[z(aoo l + ai2 q^xy^ + 
021 (Z^a;^?/)], where G K. Since x^y commutes with xy^, the previous exponential can be written 
as a product of three exponentials, each with its own real parameter: u = uouiU2, with 

uo — exp(iaoo 1) = exp(zaoo) 1 

Ul = exp(iai2 g^xy^) = Co(jai2) 1 + Ci(mi2) g^x^y + (^2(1012) q^x?/^ 
U2 = exp(ia2i g^x^y) = Co(io2i) 1 + Ci(m2i) g^x^y + C2(io2i) q^xy^ 



5.5 A quantum group invariant scalar product on the space of 3 x 3 
matrices 

The usual scalar product on the space M — Af3(C) of 3 x 3 matrices is mi,m2 (mi, 7712) = 
Tr(m|TO2)- For every linear operator £ acting on A4, we can define the usual adjoint however, 
this adjoint does not coincide with the star operation introduced previously. Our aim in this section 
is to find another scalar product better suited for our purpose. 

We call z, z' two generic elements of A4 (linear combinations of x'^y'^), and h a generic element 
oiTi, (a linear combination of X'^K^ XZ)- We know that the first ones act on Ai like multiplication 
operators and that the others act on A4 by twisted derivations or automorphisms. We also know 
the action of our star operation * on these linear operators. We shall now obtain a unique scalar 
product by imposing that * coincides with the adjoint associated with this scalar product. That 
is, we are asking for an inner product on Ai such that the (left) actions of A4 and H (each with its 
respective star) on that vector space may be thought as ^-representations. Hence, for every linear 
operator i acting on the nine-dimensional vector space M. , we impose: 

{z,i.z')^{t.z,z'). (29) 

Moreover, (•, •) should be hermitian, so that 



(z',z) = (z,zO . 

As usual, (•, •) is taken as antilinear with respect to the first argument and linear with respect to 
the second: (az, fiz') = a(i{z, z'), with a, /3 G C. 

Due to the fact that (z, z') = (1, z*z'), it is enough to compute (1, z) for all the z belonging to 
A4 . We now use the action of H in (|29| ) and obtain 

{h*.l,z) = {l,h.z) . 

Note that we are now calling h.z the left action that was prev iously denoted with h^[z\. Taking 
h = K and z = x^y^ we see that (use the results of Section iA, Table |l|): 



(l,X.x'^y^) =g('-^)(l,^V) 
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but 



and therefore we conclude that (1, x^y^) = unless r = s. We have then to find (1, 1), (1, xy) and 
{l,x^y^). 

Taking h = X+ we find 

{l,X+.z) = {Xl.l,z) = i-q^X+.l,z) 
= -qiO,z) = 0. 

With z = x^y we have X+.x^y = g^l, so (1, 1) = 0. Selecting z = y^, we have X+.y"^ = —q^xy and 
thus (1, xy) = 0. 

Hence, the only non vanishing scalar product of the type (1, z) is (1, x'^y'^). From this quantity 
we deduce eight other non-zero scalar products {z, z'), where z and z' are basis elements x'^y'^. For 
instance, {x,xy'^) = {l,x*.xy^) = {l,x'^y^). 

Hermiticity with respect to * implies that {xy,xy) should be real, indeed {xy,xy) = {xy,xy). 
We set 

{xy, xy) = l . 

We should however remember that this normalization condition is arbitrary and could be set to 
any other positive real number (this comment may become physically relevant when one introduces 
a "coupling constant" playing a role in some physical model). 
One can summarise the results in the formula: 



[x^y , x^y'') = q 5p+r,2 5t+s,2 [q 5s,o + q5s,i + 6s,2] , 



(30) 



where 6ij is the Kroneker delta. In the basis 

{{x'^y, xy"^, x^y"^, y^}, {y, x, 1, x^}, {xy}} 
the 9x9 matrix of scalar products {z, z') reads 




where U is the 4x4 diagonal matrix Diag{l,q,q,q). Notice that the trace and determinant of 
this matrix are equal to 1. The total space splits (Witt's decomposition) into the sum of two 
complementary isotropic spaces of dimension 4 and a supplementary space of dimension 1. 

The real part of this non degenerate hermitian scalar product is a bilinear form of signature 
(5, 4). More precisely, if one uses the basis: 



ui = -y + x-'y 
vi = -1 + x^y^ 
w\ = —x + xy^ 
h = -a;2 + y"^ 
s = xy 



U2 = y + x-'y 
V2 = 1 + x^y^ 

W2 = X + xy"^ 
t2 = x^ + y2 



our hermitian form can be written 
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-9 + 9^ 


-1 
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q-q' 

























-1 
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q~q' 























-q + q^ 


-1 
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1/ 
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Its real part is diagonal in this base (since q — q^), and reads 

i?za5(-2, 2, 1,-1, 1,-1, 1,-1,1) . 

The signature (5,4) can be read immediately from the above. 

As we saw in Section 4.6, the algebra M. can be written as the sum of three vector spaces of 
dimensionality 3 corresponding to the decomposition of the underlying vector space as the sum of 
three indecomposable representations of the algebra 71: M — ?>irr © ?>eve ffi 3odd, where 

ieve = Span{x,y,x^y'^) . 

It is therefore interesting to write the scalar product in a basis adapted to this decomposition. 
In the basis {{x^^xy, y^}, {x, y, x'^y^}, {1, x^y, xy"^}}, the scalar product can be written as 

G = 

where B is the 3x3 block 





Using the charge conjugation matrix (|2j) to write the star as in (|28|), the scalar product on A4 
can be written as ^ ^ 

{mi, 1712) = 2 Tr(i3* C m\m2) = - Tr(i?* m\ C 1712) , (31) 
where the trace is a usual trace on the matrices. 



5.5.1 Quantum group invariance of the scalar product 

We should now justify why the above scalar product was called a quantum group invariant one. 
Remember we only said the scalar product was such that the stars coincide with the adjoint- 
operators, or such that the actions are given by *-representations. 

We refer the reader to iQ , where it is shown that the ^-representation condition on the scalar 
product, 

(/i.z,w) = (z, r.w) , hen, (32) 

automatically fulfils one of the two alternative invariance conditions that can be imposed on the 
scalar product, namely 

{{ShiY .z,h2.w) ^ t{h){z,w) , with Aft. = /ii (X) /i2 . (33) 

As a side note, we can check the classical limit: let H be the universal enveloping algebra of some Lie 
algebra, and x any antihermitian generator of the Lie algebra (such that exp(a;) is unitary). As the natural 
Hopf structure on this particular cocommutative H is given by t(x) = 0, S{x) = —x, and Ax = x^l + liSix, 
(p3) reduces in this case to 

{{*Sx).z,l.'w) + {{*Sl).z,x.w) — {x.z,w) + {z, x.w) 

= . 

Note that this last equation is just what is needed to get the scalar product invariance in the usual sense: 

{z',w') = (exp(a;).2:,exp(x).TO) 

= {{1 + x).z,{l + x).w) + 0{x'^) = (2, w) + {x.z, w) + (2, x.w) + 0{x'^) 
= {z,w) 
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The relations dual to (^3|) and ( ]32| ) are those that apply to the coaction of T instead of the 
action of "H. These are 

{^rz,^rw)^{z,w)\t (34) 
where (Aij z, w) should be understood as (zi, Wj)T*Tj if A^ z = Zi (g) Ti, etc. , and 

iz,ARw) = iil(g,S)ARZ,w) , (35) 

respectively. We have used here the right-coaction, but the formulas for the left coaction can be 
trivially deduced from the above ones. 

It is worth noting that these equations for the coaction of J- imply the previous ones for 
the action of H, and are completely equivalent assuming non-degeneracy of the pairing < •, • >. 
Moreover, (jsj) is a requirement analogous to the condition of classical invariance by a group 
element action. 

If we select an orthonormal basis {z;} of A4 such that A/jz^ = zj (g with AT/ = ® T/^, 
(H) and (11) reduce to 

{T^:)*Tf ^ 6,jlr 

and 

STi = {TJY , 

respectively. This last equation is exactly what we use in the classical (Lie algebra) case: the 
unitarity condition for matrices (the antipode is the correct quantum generalization of the group 
inverse) , that warrants the unitarity of the representation (in the sense of invariance of the scalar 
product). 

Applying the above discussion to the invariant subspaces of th e Hopf-algebr a TL we obtain on 



each one the most general invariant scalar products that we list in Appendix E 
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6 The Manin dual M' of M 



In order to find the Manin dual |^ of a given quadratic algebra A given by the relations EijX^x^ = 
amongst its generators {a;'}, one has first to determine all the matrices £ such that SijEij = 
Tr{£*E) = 0. The Manin dual ^' of A is defined as a quadratic algebra with relations Sij^^^-' = 0. 
This is equivalent to say that the quadratic relations in A' are orthogonal to the relations in A, 
with the pairing (or "scalar product") < £^^,x^ >= 6^^ . 

The quadratic relations defining M {xy = qyx) can be written Eijx'^x^ = 0, with = x, = y 

and Eij = { ^ \\. Hence we have, in the present case, £^E — ( ''^^^ 5" I ■ Thus 
\-q J \ -gt22 £i2 J 

Ti{£'E) = -q£2i + £i2 = ^ £i2 - q£2i . 

The matrices solution of our problem span therefore a vector space of dimension 3: 

\C21 C22 / 

with 

Our algebra A4 is not quadratic since we impose the relations x^ = y^ = 1. Nevertheless, forgetting 
momentarily those constraints, we define its Manin dual A4' as the algebra generated over the 
complex numbers by S,^,^"^, satisfying the relations 

4''^fe =0, a €{1,2,3} 

i.e., 

This means, in particular, that any cubic polynomial in the f 's is identically zero. There is no need 
to introduce additional constraints for orthogonal to the cubic relations in Ai. 

We shall write dx = and dy = ^"^ , so A4' is defined by these two generators and the relations 

dx^ — , dy^ — Q , qdxdy + dydx — . (36) 



6.1 JF coacting on Ai' 

Once the coaction of on has been defined as in Section |^, and once the quantum group 
product relations have been obtained, it is easy to check that the coaction of on Al' is given by 
the same formulae as for M. itself. Namely, writing 




{dx dy) = {dx dy) ® 

ensures that q dx' dy'+dy' dx' — and q dx dy+dy dx — 0, given that the relation q dx dy+dy dx — 
is satisfied. Actually, one can also recover Fun{SLq{2, C)) imposing just the invariance of relations 
(|l|) and (|3^) under the quantum group left-coactions. 

The coaction can be read from those formulae, for instance Aii{dx) — dx ® a + dy ® c. 




6.2 H acting on Ai' 

Since the formulae for the (left or right) coactions are the same, the formulae for the actions of H 
on A4 and A4' must also coincide. For instance, using ^i;[a;] = y we find immediately = dy. 

This corresponds to an irreducible two-dimensional representation of H. Anyway, we shall return 
to this problem in the next section, since we are going to introduce a differential algebra flwzi-M) 
built over Ai and investigate its contents in terms of representations of H. 
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7 Covariant differential calculus on A4 



7.1 Differential algebras associated with a given algebra 

Given an algebra A, there is a universal construction that allows one to build the so-called algebra 
of universal differential forms fl{A) = X)^o ^^(-^) over A. This differential algebra is universal, 
in the sense that any other differential algebra with 17" (A) = A will be a quotient of the universal 
one. Schematically, the construction of fl{A) goes as follows. Let m be the multiplication map: 
m{a (8) 6) = ab, for a and 6 in ^ and let ker(m) be the kernel of this map (a (E) 6 € ker(m) implies 
that ab — 0). One builds the algebra of universal forms as the graded vector space: 

n'^iA) - A 

n'^{A) = keT{m)cA(^A 

nP{A) = n^iA)(g)A^\A)(g>A---(^A^H^) times) 

The above tensor products are taken over the algebra A. Multiplication is defined as follows: 

(ao ® ai ® . . . (g) a„)(6o (8) ® . • . (8) &«) = (ao (8) ai ® . . . ® a„6o (8) ® . • . &«) . 

One also writes aodai = oq (8) ai — aQUi (g) 1, etc. Notice that dl — 0. More details about this 
construction can be found, for instance, in |p^ . 

In the present situation, A — Ai. Since = ker(rn), we find that dim(il^(A^)) = 

dim{M(gM) — dim(A^) = 9^ — 9 = 72. The dimension of fl{M) itself is infinite (notice that there 
are no particular relations between dx and dy so fl'^{M.) never vanishes). 

For practical purposes, it is often not very convenient to work with the algebra of universal 
forms. First of all, it is very "big". Next, it does not remember anything of the coaction of !F on 
the algebra Ai (the 0-forms). 

Starting from a given algebra, there are several constructions that allow one to build "smaller" 
differential calculi. As already mentioned, they will all be quotients of the algebra of universal 
forms by some (differentiable) ideal. One possibility for such a construction was described by 
]l6t , another one by and yet another one by iQ. In the present case, however, we shall 
use something else, namely the differential calculus ^lwz introduced by Wess and Zumino (see 
also Q) in the case of the quantum 2-plane. Its main interest, as we shall see below, is that it is 
covariant with respect to the action (or coaction) of a quantum group. This differential algebra 
is, as usual, a graded vector space, and our first step will be to define the differentials dx and dy 
together with their commutation relations. 

7.2 The Wess-Zumino complex 

The differential algebra flwz that we are going to use was introduced historically by in the case 
of the quantum plane. It is only one of the many possible differential calculi that one can associate 
with this algebra, but it is the only one (up to trivial modifications) that is both quadratic and 
compatible with the coaction of the group Fun{SLq(2, C)). Since it will play an important role in 
what follows, we shall briefly recall how it can be obtained. 

First of all Qwz — ^wz ® ^Ivz ® ^wz is a graded vector space. 

• Forms of grade just coincide with the functions on the quantum plane, i.e., they are poly- 
nomials in X and y. 

• Forms of grade 1 are of the type arsx'^y'^dx + brsX^y^dy, where dx and dy are those introduced 
in Section ^, devoted to the construction of the Manin dual M\ The Manin dual is the 
subalgebra {Aqo -I- Aio dx + Aoi dy + An dxdy} of Qwz, where the coefficients Ay belong to 
the field of scalars. 

• Forms of grade 2 are of the type CrsX^y^dx dy. 

Next, fl]YZ is an algebra. We need therefore to find the relations between x, y, dx and dy. 
Moreover, we want ^wz to be a differential algebra, so we set d{x) — dx, d{y) — dy and the 
Leibniz rule (for d) should hold. Also, we set dl — Q and d^ = 0. 
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Assuming quadraticity of the algebra, we expand a priori xdx, xdy, ydx and ydy in terms of 
dxx, dyx, dxy and dyy. This involves sixteen unknown coefhcients. Applying d to the above, we 
get four relations between these coefficients. We are left with twelve independent parameters. 

Differentiating the relation xy — qyx = and replacing xdx, xdy, ydx and ydy by what was 
postulated before gives one identity that fixes three of the unknown coefficients (actually one finds 
four constraints but one of them is not independent of the others). We are left with 12 — 3 = 9 
independent parameters. 

Next, one uses compatibility with the (left or right) coaction of Fun{SLq{2, C)), i.e., one writes 
x' — a®x + h®y, y' = c®x + d®y, dx' = a(^dx + b(S> dy, dy' = c®dx + d®dy and imposes that 
the relations^ between x' ,y' and dx',dy' are the same as the relations between the corresponding 
untransformed elements (the unprimed ones). In this way one obtains four identities that fix 8 
additional parameters. One is left with just one (=9 — 8) free parameter. 

The last parameter is fixed by checking associativity of the cubics, for instance (x dy) dx should 
be equal to x {dy dx). One finds that this last parameter should be either equal to q or to l/q. 

The final result is as follows: 

xy = qyx 

xdx = q^dx X x dy = qdy x + {q^ ~ l)dx y 

ydx = qdxy ydy = q^ dyy (37) 

dx"^ = dy'^ =0 

dx dy + q^dy dx — 

It may be useful to notice that dy x = [q — l)y dx + q^x dy. 

7.3 A reduced Wess-Zumino complex 

In the case q'^ = 1, we add the following to the defining relation of the quantum plane: x^ — t,y'^ = 
1. As we know, this defines the algebra M (the space of 3 x 3 complex matrices) as a quotient of 
the quantum plane. Adding the same two cubic relations to the differential algebra ^wz defines a 
differential algebra that we shall denote Q,wz{J^)- The fact that it is well defined as a differential 
algebra is not totally obvious and requires some checking. Technically, one has to verify that we 
are taking the quotient by a differential ideal. In plain terms, one has to check that d{x^) = = 
and that d{y^) = dl = 0. This is indeed so: 

d{x^) = d{x^)x + x'^dx = {dx)x'^ + x{dx)x + x'^dx = {1 + q + q'^)x'^dx = 
= diy^)y + y^dy^{dy)y^+y{dy)y + y^dy=(l + q + q^)y^dy^O 

Note that dim{n'^z) = 9' '^^M^wz) = 9 + 9 = 18 and dimifl'^z) = 9. 

7.4 The differential of an element of Ai 

Let m be an arbitrary 3x3 matrix. Let us call ruij, i,j G {1, 2, 3} the matrix elements of m. By 
using elementary matrices, we know how to decompose m on the basis x'^y'^ (see Section This 
way we can write m = rrirsX^y^ (where, of course, the coefficients rrirs do not coincide at all with 
the rriijl). It is then straightforward to compute the one- form dm belonging to the reduced Wess- 
Zumino differential algebra flwz{M) by using the Leibniz rule together with the commutation 
relations given previously. If we write 

dm — (dm)xdx + {dm)ydy , 

Observe that asking for xy = qyx and dxdy = —q~^dydx to be preserved under the coaction provides an 
alternative way of defining the quantum group. Here we are just refering to relations that mix one of {x,y} with 
one of {dx, dy}. 
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we obtain (here the indices are of type i.e., refer to the matrix elements of m): 

^ / {mn - 17133) {1 - q^) {mi2 - m3i){q^ - q) {17132 - 17113) {1 - q) \ 

dm = - (m2i-mi3)(g2-gf) (tou - m22)(l - g) (m23 - mi2)(l - g^) da; 

\ (to23 - n^3i)(l - g) (n^32 - n22i)(l - g^) (maa - m22)(g^ - g) / 

(mi2 -miag^ \ 

m2a -m2ig^ 1 dy 

-ma2g^ mai / 

Notice that differences of cubic roots of 1 appear in the matrix elements of {dm)x- 

7.5 The action of H on Q.wz{,M) 

7.5.1 The action of U on Q^^C-^) = 

We already saw that the nine-dimensional space M can be decomposed into three indecompos- 
able representations of H called Sj^r, ^eve and iodd- The Si^r is irreducible and spanned by 
x'^,xy,y'^. The Se^e is reducible indecomposable and spanned by x,y,x'^y'^; it contains an in- 
variant 2-dimensional subspace spanned by x,y. The 3odd is also reducible indecomposable and 
spanned by l,x'^y,xy^; it contains an invariant 1-dimensional subspace spanned by 1. 

7.5.2 The action of H on fl^zi-M) 

Since Q,jYz{-M) = Mdx® Mdy, and as {dx,dy} span the two-dimensional irreducible represen- 
tation of it is a priori clear that we should decompose Sj^r ® 2, 3ei,e ® 2 and Zodd ® 2 in 
indecomposable representations of Ti. The action of elements X e H on one-forms is obtained, as 
usual, from the coproduct rule; for instance, 

X'^iydy] = + K'^[y]X'^[dy] =xdy + q^ydx . 

In this way we obtain the following results (we only give the tables associated with the left action): 

• The case 3odd ® 2 







X- 


x^ 


Idx 


qdx 





dy 


x^ydx 


q^x'^y dx 


q^ dx 


—c^xy^ dx -\- x^y dy 


xy"^ dx 


xy^ dx 


—x^ydx 


qdx + xy^ dy 


Idy 


q^dy 


dx 





x^ydy 


x?ydy 


q^ dy + qx^y dx 


-qxy^ dy 


xy^ dy 


qxy^ dy 


—x^y dy + q^xy'^ dx 


dy 



This gives 3irr ® Se^ej since, up to multiplicative factors (dashed arrows stand for the action 
of X^ and continuous ones for X^ 



qx ydx — dy 



-X ydy + (fxy^ dx 



—qdx + qxy dy 



dy 



dx 







X ydy + qxy dx 



Note that 3eve contains an irreducible 2-dimensional representation spanned by {dx,dy}. 
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• The case 3eve <8) 2 = 3irr ffi -^odd- 









xb 


X dx 


q^x dx 





q^y dx + xdy 


y dx 


y dx 


X dx 


ydy 


x^y^ dx 


qx^y^ dx 


—qydx 


~x dx + x^y^ dy 


X dy 


X dy 


qx dx 


qydy 


ydy 


qydy 


xdy + q^ydx 





x^y^ dy 




—qy dy + x^y^ dx 


—q^x dy 



This corresponds to S^rr © iodd^ since, up to multipUcative factors, 



ydy 



x^y^ dy — xdx 



qxdy + ydx 
1 



X dy — qy dx 



•■dx >- 



y dy ~ q^ x^y'^ dx 



Remark that iodd contains an irreducible l-dimcnsional representation spanned by xdy — 
qydx. 

• The case S^rr ® 2 = 6eve- 







X\ 


xb 


x^ dx 


x^ dx 





—qxy dx + x'^ dy 


xy dx 


qxy dx 


qx^ dx 


y^ dx + xy dy 


y^ dx 


q^y^ dx 


—q^xy dx 


y'^dy 


x^ dy 


qx^ dy 


q^x^ dx 


-xydy 


xydy 


q^xy dy 


qx"^ dy + xy dx 


q^y"^ dy 


y'^dy 


y^ dy 


—q^xy dy + qy^ dx 






This actually gives the six-dimensional indecomposable representation Qeve (which is projec- 
tive, cf. Appendix D.). It contains the four-dimcnsional indecomposable representation A^ve, 
a family of indecomposables of the type 3g , and one irreducible of dimension two, spanned 
by {— g^x^ dy + xy dx, —qxy dy + y^ dx}. 
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7.5.3 The action of H on q:^^{M) 

The differential 2-form dxdy that generates (over A4) n'^^{A4) is 7Y-invariant, since Xi^[dxdy] = 
X^[dxdy] = and K^[dxdy] = dxdy. Hence Q'^z{M.) = Mdxdy has exactly the same decom- 
position in representations ofH as A^. 

7.6 Cohomology of d on i^wz{M.) and 7i- representations 

We will now analyse the action of the differential operator d on each level of the differential complex, 
as given by a basis adapted to the action of the quantum group H. As usual, we shall call = 
{ui e O^with du) = 0}, the space of p-cocycles and = {iv G O^such that iv = d^ , for cf) G 
the space of p-coboundaries. Of course, C Zp, and we set = Z^/B^. 

7.6.1 Action of d on n'^zi-^) 

The differential operator d acts on a basis of A4 as shown in the following table. The range and 
image vectors are classified according to the W-representation to which they belong. 





(1 




^odd 


1 ^ 


2 


x^'y — > — qxydx + x'^dy 
xy^ — > qy'^dx — q^xy dy 


^eve 


a; — > dx 

y ^ dy 


^eve 


x^y'^ —xy^dx — q^x^y dy 


3irr 


x'^ — > —q'^xdx 

xy — > q^ydx + xdy 

y^ -q^ydy 


3ifr 



As it should {d was built as a covariant differential operator), d preserves the representations, 
mapping 3eve ^eve, 3irr ^irr, and 3odd 1-^ the quotient 3odd/l = 2. 
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7.6.2 Action of d on ^^^(A^) 

Dividing the space according to representations of H, d acts as follows: 





d 












T^iirlT — ri^ rill — v — tiT'^ (~}t r}!! 

— y dy -\- xy^ dx — > — xydxdy 
—qdx + qxy^dy — > q'^y'^dxdy 






dx e C ^ 
dy gB^ CZ^ 




x'-'ydy + qxy^dx gB^<zZ^ ^ 










yd?/ eS^cZ^ ^ 
r dii + ff^ti dr G C Z^ ^ 
xdx eB^cZ^ ^ 




^odd 


X rfj/ — qy dx — > — q dx dy 


3„rfd 


ydy — q^x^y^dx — > —q'^x'^'ydxd.y 
.f- !j-<h/ — .V (Ir —' —J ij-d.rdij 








^eve 


xy dx + x'^dy — > xdxdy 
xy dy + y^dx — > —qy dx dy 


2 


x'^'dx gZ^ ^ 
y^dy gZ'^ ^ 


x^dy- qxydx GB^dZ^ ^ 
qy'^dx - q^xy dy gB^ dZ'^ ^ 



7.6.3 Action of d on VL^^i-^) 

Here d gives trivially on all the elements, because there is no subspace in our differential 
complex; however, one should distinguish between exact and closed forms: 

{dx dy, x^y dx dy, xy^dx dy} G B^ C Z'^ 
{xdxdy,ydxdy} G B^ C Z^ 

{x^y'^dx dy} € 

{x^dx dy, xy dx dy, y^dx dy} G B^ C Z^ 



3eve 



Hrr 



7.6.4 Cohomology of d 

Prom the previous tables, we see that 

dim (Z°) = 1 , dim(BO) = , hence dim(if°) = 1 , 
dim(Z^) = 10 , dim(Bi) = 8 , hence dmi{H^) = 2 , 
dim(Z2) = 9 , dim(B2) = 8 , hence dim{H'^) = 1 . 

Remark that x = dim{H°) - dim(i?i) + dim(il2) = 1- 2 + 1 = 0. 

7.7 Star operations on the differential calculus Qwzi^M) 

Given the * operation on the algebra A4, we want to extend it to the differential algebra ^lwz{-M.). 
As usual, it has to be involutive, anti- multiplicative for the algebra structure in Clwz{-M), and 
complex sesquilinear. Moreover, it should be compatible with the coaction of J^. However, there 
is no reason a priori to impose that * should commute with d. 
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The quantum group covariance condition is, again, just the comniutativity of the *, A/j_i 
diagram, or, algebraicaly, 

{Ar,lu)* = Afl,i(w*) . (38) 

In any case, it is enough to determine the action of * on the generators dx and dy, since we aheady 
determined the * operation on M — x, *y — y). 

Taking A^dx — a® dx + h® dy, we get (A^da;)* = a® dx* + h® dy* , to be compared with 
Ai((ia;*). It is trivial that the solution dx* = da; is a permissible one. But it is also the only one, 
up to complex phases. To see this one should expand dx* as a generic element of ^l\^z{M) (we 
want a grade-preserving *) in the previous condition. Solving for the coefficients, and adding the 
requirement x* dx* = qdx*x* (for instance, it is the * of da; a; = q^xdx), we see that the result is: 

da;* — dx , dy* = dy . (39) 

Remark: On r^iyz, d is a graded derivation. First, * is defined on r^^^ ^ M.. It is also 
defined on the d of the generators of M (in our case *da; = dx and *dj/ = dy). Then * is 
extended to the whole of the differential algebra ^wz by imposing the anti-multiplicative property 
*{loiIx}2) — {*L02){*i^i) ■ Let (j) = Gi da;* be an arbitrary element of ^\^z- Then d(aj dx*) — d{ai)dx'^, 
so 

't^diuidx'^) = (daj da;')* = (da;')* (da^)* = da;' (da^)* . 

But, at the same time, 

d* (a^da;') = d((dx')* (a,)*) = d(da;''(ai)*) = -dx' d{a*) . 

In the case of a (real) manifold, we have an almost trivial star, with = and ^da^ = dui for 
O'i G ^vKZ' so d * ai = dfli and one find^ *d(/) — —d * (f>, when (jj e ^Ivz- One recovers the fact 
that * is almost trivial, "almost" since it is still antimultiplicative: *{dxdy) = dydx. 

In our case the conclusion is the same, indeed, it can be checked that, for all elements in A4, 
one has *{dai) = d{*ai). Therefore (with 4> = ai dx'' G JlJ^^), d * cj) = — * d(j). More generally, 

d * u; = * duj when ujefl^^. (40) 

A general expression for the structure of the most general hcrmitian one-forms will be given later. 

Warning: we are not saying that the above involution is the only one that one can define on the 
Wess-Zumino complex. For instance, one could very well try to extend the involution f (the one 
for which x^ = x"^) to this differential algebra. Such an extension may be possible, but it would 
not be compatible with the coaction of J- (it would only be compatible with dilations of x and y 
by numerical scaling factors) . Loosing the compatibility with the coaction of J-' is however clearly 
inacceptable since the main interest of the differential complex of Wess-Zumino rests on the fact 
that it is compatible with the coaction (indeed, one can construct many other differential algebras 
over A4 that are not compatible with the coaction of JF!). 

7.8 Multiplicative properties of ^^^{Ai) and 7-^-representations 

We now analyze the behaviour — as representations of H — of the product in flwzi-M). Some 
facts are trivially obtained: 

nl^z{M)-n^wziM) = 

Moreover, as dxdy is 7i-invariant we know that fl^/zi-^) is isomorphic to Ai. Using this, and 
the fact that da; dy is Al-central, we see that the products il^ ■ fi'^ and Si" • can be understood 
in terms of products in A4. 

* This shows in particular that usual differential forms on a real manifold (forms that are real in the naive sense) 
cannot be "real" for the star operation. Indeed, for a one-form, *(f) = (p implies *d(p = —d(f>. This peculiar aspect of 
usual differential forms is a general feature of any differential algebra and can only be circumvented at the expense 
of introducing graded star operations. We do not use such graded star operations in the present paper. 
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Anyway, the multiplication table for representations in A4 is very easy to write down (for 
instance using the grading of the generators): 



M ■ M 






:-!,,,. 


^odd 




^eve 




^eve 


^eve 




^odd 






3odd 


^eve 



Next we summarize the product relations amongst elements of fl]y2:{'^)- 





^odd 2 


^eve 'S) 2 


3^7-7- (^2 — ^eve 


3odd O 2 


^odd 






^eve ^ 2 


^eve 






^irr 'S' 2 = 6eue 




3odd 


^eve 



Finally, here is the corresponding table for products between elements of in a given represen- 
tation and elements of ^^^^{M), also with fixed transformation properties: 



M-n^{M) or Q^{M)-M 


^odd '< 


52 


^eve 


$2 


^ZTT 2 


— ^eve 




^odd '< 


52 


3e^;e ^ 


$2 




E)2 


^eve 


^eve '< 


52 


3irr 


D2 




2)2 






52 


3odd <i 


52 




8)2 
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8 Noncommutative generalized connections on A4 and their 
curvature 



8.1 Generalized connections in non commutative geometry 

Let 51 be a differential calculus over a unital associative algebra A, i.e., a graded differential 
algebra with 0° = A. Let A' be a right module over A. A covariant differential V on A' is a map 

A' (g)A ^ A' (g)A such that 

V(V'A) = (VV')A + (-l)>dA 

whenever ip G A' (8>^ and A € fi* . V is clearly not linear with respect to the algebra A but it is 
easy to check that the curvature is a linear operator with respect to A. 

In the particular case where the module A' is taken as the algebra A itself, any one-form uj 
(any element of Jl^) defines a covariant differential. One sets simply VI — uj, where 1 is the unit 
of the algebra A. When f Q A, one obtains 

V/ = VI/ - (VI)/ + ldf = df + Luf. 

Moreover, V^/ — V{df + Lof) = d^f + ujdf + {yuj)f — tudf = (Vo;)/. The curvature, in that case, 
is 

p = \7u; = Vluj = (Vl)tJ + Iduj = duj + uj"^ . 

Take u as an invertible element of A, and act with d on the equation u^^u = 1. Using the property 
dl = one obtains du~^ = —u~^duu~^. Define lo' = u~^uju + u^^du and compute the new 
curvature p' = duj' One obtains immediately p' = u^^{duj + uj'^)u = u^^pu. This shows that 

the usual formulae hold without having to assume commutativity of the algebra A. 

Remark that here we take the module A' (a necessary ingredient in the construction of any 
gauge theory) as the algebra A itself. More generally, we could have chosen a free module A^, or 
even a projective module over A. We shall not consider here this more general situation. Therefore, 
in some sense, our connections are an analogue of usual "abelian Yang Mills fields" , but the algebra 
A, contrarily to what happens in conventional gauge field theories, will be non-commutative. 



8.2 Connections on M. and their curvature 

We now return to the specific case where A = M is the algebra of functions over the quantum 
plane at a cubic root of unity. 

The most general connection is defined by an element of fll^zi-^)- Since we have a quantum 
group action of Ti. o n ^ wz, it is convenient to decompose into representations of this algebra as 
obtained in Section 71. We set 



where 

03i = flji {qx^y dx - dy) + ai2 {q^xy^ dx - x^y dy) + q{dx - xy^ dy) 

03i = baq^ydy + bi2{ydx + qxdy) + bt3q'^xdx 

4>3e = flei dy + {qxy^ dx + x^ydy) + a^-i dx 

ho = hoiq{xdx - x'^y'^ dy) + bo2q{qydx - xdy) +ho3q{x^y^ dx - qydy) 

06e = ci [xy dx — q^x^ dy) + C2 (jj^ dx ~ qxy dy) -|- C3 qx^ dx -I- C4 qy^ dy -I- 
C5 {xy dx + x^ dy) + cq q(xy dy + y^ dx) 

The coefficients and hi refer to the three-dimensional irreducible representations, and bo to 
the even and odd three-dimensional indecomposable representations, and c to the six-dimensional 
indecomposable representation 6eve- 

The exact expression of the curvature p — dip + <p'^ is not very illuminating, but, thanks to the 
knowledge of the general features of the multiplication in flwz (Section [7.8[ ) and the properties of 
d (Section |7.6| ) we can make the following observations: 
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• G Sirr C 5odd ® 2 

(f)'^ — 0, SO p = d(f) e 3r 

• (f> e 3e„e C 3odd 2 

^ (f) (E ^ij-r C 3ei;e (^2 = 



eve 



€ Sodd C 3 
^ = 0, SO /9 = d0 e 3o<Jd- 



e 6 



(i0 e 3i 



€ 3od(i- Actually, direct calculation shows that 



eve — 'Jtrr 



(j) = 0, and p = (fp' € "iodd- 
t> = and p = (j)^ <E 3,>r- 

d(f) e 3odrf, 0^ G 3irr- In fact, it can be shown that here also 

e 2, 0^ G "ieve, and p e i^ve- 



Hermitian connections 

As we know, the only star operation compatible with the quantum group action of TL on the 
differential algebra ^wz, when = 1, is the one obtained in Section 7.7 {dx* = dx, dy* = 
dy). Imposing the hermiticity property (f> — (/)* on the connection implies that all the coefhcients 
tti, bi, Ge, bo, c should be real. 

Consider, for instance, the most general hermitian connection with coefficients in the represen- 
tation 3eve, namely 

= '/'3e = flei dy + dx + ae2 [x^V dy + qxy"^ dx) , 

with reed coefficients Oei, ae2, Oes- 

In this case, d<j) — 0, automatically. The curvature is then equal to 0^ and its expression is 
quite simple, it reads 

p = (ceiaes - al^) (1 - q) dx dy . 

Notice that it is a singlet, the one-dimensional representation obtained as a subrepresentation of 
the iodd of ^wz- 
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9 Incorporation of Space-Time 



9.1 Algebras of differential forms over C°°(M) ® A4 

Let A be the algebra of usual differential forms over a space-time manifold M (the De Rham com- 
plex) and ^wz = ^wzi-M), the differential algebra over the reduced quantum plane introduced 
in Section |^. Remember that — ^wz — M dx + M dy, and that ri^-^ = M. dxdy. 

Calling S the graded tensor product of these two differential algebras, 

S = A (Ki ^wz , 

we see that: 

• An element of 'EP = hP ® ^wz is a 3 x 3 matrix with elements in C°° (M) . It can be thought 
as an M3(C)-valued scalar field. 

• A generic element of = (A° (g) i^l^z) ® (^^ ^ ^wz) given by a triplet uj — {Af^,(px,4'y), 
where determines a one- form (a vector field) on the manifold M with values in M^iC) 
(which can be considered as the Lie algebra of the Lie group GL{3, C)), and where (jix and (j>y 
are M3(C)-valued scalar fields. Indeed 4>x{x^^) dx + 4>y{x^) S A° (g) ^l^z- 

• An arbitrary element of = (A° (g) fl'^z) ® (^^ ^Ivz) ® (^^ ® ^wz) consists of 

— Ffj_,ydx^dx'^ e A^ (g i^^/z^ ^ matrix- valued 2-form on the manifold M, 

— a matrix- valued scalar field on M, i.e., an element of A° g) il^^, 

— two matrix- valued vector fields on M, given by an element of A^ g) ^\yz- 

The algebra 2 is endowed with a differential (of square zero, of course, and obeying the Leibniz 
rule) defined hy d = d ^ id zt id (E) d. Here ± is the (differential) parity of the first factor of the 
tensor product upon which d is applied, and the two d's appearing on the right hand side are 
the usual De Rham differential on antisymmetric tensor fields and the differential of the reduced 
Wess-Zumino complex, respectively. 

If G is a Lie group acting on the manifold AI, it acts also (by pull-back) on the functions on 
M and, more generally, on the differential algebra A. For instance, we may assume that M is 
Minkowski space and G is the Lorentz group. The Lie algebra of G and its enveloping algebra U 
also act on A, by differential operators. Intuitively, elements of S have an "external" part (i.e., 
functions on M) on which U act, and an "internal" part (i.e., elements belonging to Ai) on which 
Ti. acts. We saw that 7i is a Hopf algebra (neither commutative nor cocommutative) whereas U, 
as it is well known, is a non-commutative but cocommutative Hopf algebra. To conclude, we have 
an action of the Hopf algebra U ®Ti on the differential algebra S. 

9.2 Generalized gauge fields 

Since we have a differential algebra S on the associative algebra C°°{M) g) we can define, as 
usual, "abelian"-like connections by choosing a module which is equal to the associative algebra 
itself. A Yang-Mills potential uj is an arbitrary element of and the corresponding curvature, 
duj + uP', is an element of . As we have said above, w = {Af^,(j>x,(t'y) consists of a usual Yang-Mills 
field Afj^ and a pair (px, (t>y of scalar fields, all of them valued in Af3(C). We have lo ~ yl + $, where 
A = A^ dx^ and ^ = (px dx + (py dy G A'^ ^wz '^^ ■ We can also decompose A = A'^Xa, with Aq, 
denoting the usual Gell-Mann matrices (together with the unit matrix) and A" a set of complex 
valued one-forms on the manifold M. To make the distinction clearer, let us call S the differential 
on S, d the differential on A and d the differential on Qwz (as before). The curvature is then 
6uj + uj'^. Exphcitly, 

SA = (rfA")A„ - A°'dXa 

and 

6^ — {d4>x)dx + {d(f)y)dy + {d(j)x)dx + {d(/)y)dy . 
It is therefore clear that the corresponding curvature will have several pieces: 
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• The Yang-Mills strength F of A, 

F = {dA'')\a + A^ eA^:^n^^z 

• A kinetic term V'^ for the scalars, consisting of a purely derivative term, a covariant coupling 
to the gauge field and a mass term for the Yang-Mills field (linear in the A^'s), 

2?$ = (#^)da; + {d(j)y)dy + A<^ + <^A- A°'dXa G (g) n]yz 

• Finally, a self interaction term for the scalars 

{d(p^)dx + {d(j)y)dy + e A° O fi^^ 

We recover the usual ingredients of a Yang-Mills-Higgs system (the mass term for the gauge field, 
linear in A, is usually obtained from the interaction" after shifting $ by a constant). 

By chosing an appropriate scalar product on the space 'E? , one obtains therefore a quantity that 
is quadratic in the curvatures (quartic in A and $) and could be a candidate for the Lagrangian of 
a theory of Yang-Mills-Higgs type. However, if we do not make specific choices for the connection 
(for instance by imposing reality constraints or by selecting one or another representation of Ti), 
the results are a bit too general and, in any case, difficult to interpret physically. Regarding this 
construction, there is also another caveat that will be explained in the next section. 
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10 Discussion: quantum group symmetry and noncommut- 
ing fields 



As mentioned in Section 3.2, the building of physical models of gauge type will involve the consid- 
eration of one-forms. If we restrict ourselves to the "internal space" part of these one-forms, we 
have to consider objects of the form 

i 

Here {uji} is a basis of some non-trivial indecomposable representation of Ti (or any other non- 
cocommutative quantum group) on the space of 1-forms, and ipi are functions over some space-time 
manifold. What about the transformation properties of the fields 1^9;? This is a question of central 
importance, since, ultimately, we will integrate out the internal space (whatever this means), 
and the only relic of the quantum group action on the theory will be the transformations of the 
(/3i's. There are several possibilities: one of them, as suggested from the results of Section || is 
to consider 7i as a discrete analogue of the Lorentz group (actually, of the enveloping algebra U 
of its Lie algebra). In such a case, "geometrical quantities", like $ should be 7i-invariant (and 
^//-invariant). This requirement obviously forces the ipi to transform. Another possibility would be 
to assume that $ itself transforms according to some representation of this quantum group (in the 
same spirit one can study, classically, the invariance of particularly chosen connections under the 
action of a group acting also on the base manifold). In any case, the ipi are going to span some 
non-trivial representation space of Ti.. 

Usually, the components 4>i of fields are real (or complex) numbers and are, therefore, commut- 
ing quantities. However, this observation leads to the following problem: If the components of the 
fields commute, so that ipiipj = fj^i, then we get h.{ipiipj) — h.{ipjipi), for any h CzTi.. This would 
imply (here Ah = hi ^ h2) 

{hi.ipi){h2.ipj) = {hi.ipj){h2.ipt) 
= {h2.(fi){hi.ipj) . 

This equality cannot be true in general unless we have a cocommutative coproduct. Hence we 
should generally have a noncommutative product for the fields. In our specific case, there is only 
one abelian H-module algebra, the 2>odd one (which is nothing else than the group algebra of the 
group Z3). Only fields transforming according to this representation could have an abelian product. 
However, covariance strongly restricts the allowable scalar products on each of the representation 



spaces (for instance, the results for the quantum group TL are shown in Appendix E, , where we get 
both indefinite and degenerate metrics). This fact is particularly important as one should have 
a positive definite metric on the physical degrees of freedom. To this end one should disregard 
the non-physical (gauge) ones, and look for representations such that only positive definite states 
survive. Thus we see that the selection of the representation space upon which to build the physical 
model is not easy. 

The fact of having noncommuting fields has a certain resemblance with the case of supersymme- 
try. As the superspace algebra is noncommutative, the scalar superfield must have noncommutative 
component fields in order to match its transformation properties. In this last situation, everything 
can be casted in terms of Grassmann variables and fields. As a consequence, instead of having — on 
each space-time point — just the Grassmann algebra over the complex numbers, we see the appear- 
ance of an enlarged algebra generated by both the variables and fields. Introducing a g-deformed 
superspace leads to a more complicated algebraic structure Therefore, it is reasonable to 

expect that the addition of a non-trivial quantum group as a symmetry of the space forces an even 
more constrained algebra. 

We should point out that the reasoning followed above is very general, and is independent of 
the details of the fields. That is, the arguing leading to such a conclusion relies only in the existence 
of a non-cocommutative Hopf algebra acting in a nontrivial way on the fields. 

For this reason, we did not plan, in this paper, to make specific choices and discuss Lagrangian 
models. Actually, trying to write down such a definite physical model would involve the making 
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of very particular choices; many of them are possible and we do not know, at the present level of 
our analysis, which kind of constraint could give rise to interesting physics. 

Our purpose was rather to investigate the structures involved and work out (or present) the 
mathematical tools that would allow such physical applications. We hope that the present expo- 
sition of our recent work will trigger some interesting ideas in that direction. 
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Appendices 



Appendix A. Expression of Gell-Mann matrices in terms of x and y 

Usual Gell-Mann matrices {Xi}i=i,,,s (a base for the Lie algebra of hermitian traceless 3x3 
matrices) can be written in terms of elementary matrices, and therefore also in terms of the 
generators x and y. Remember that 

Ai = Ei2 + E21 A2 = i(— £'12 + E21) A3 = Ell — E22 
A4 = Ei3 + E31 A5 = i(— £'13 + E31) 

Ae = E23 + £32 A7 = i(— £23 + E32) As — '^{^11 + -^22 ~ 2£'33) 
hence we obtain 

Ai ~ {y + xy + + T^y + qxy'^ + q^x^y^)/?) 
A2 = -i{y + xy - y'^ + x^y - qxy^ - q^x'^y^)/3 
A3 - iil-q)x + il-q^)x'')/3 
A4 = (y + q^xy + + qx^y + xy"^ + x^y^)/3 
A5 = i{y + q'^xy - y'^ + qx'^y ~ xy"^ ~ x'^y^)/3 

h = {y + qxy + + q^x'^y + q^xy"^ + qx^y^)!?, 

\ ■/ I 2,22 22 1 i\ 10 

Ay = -i[y + qxy-y + q x y - q xy ~ qx y )/3 

As = ~iq^x + qx^)/V3 

Appendix B. A set of Gell-Mann matrices with coefficients in JF 

Here we replace x and y hy A^x and A^y in the expression of the usual Gell-Mann matrices given 



in Appendix A. We obtain in this way a new set of matrices with entries in the quantum group 
T, denoted by A^. We only show the results for A3 and As since we do not need these matrices 
explicitly in our work. 



1 



3 



(l-g)a+(l-g2)a2 (l - q) b + {q - q^) ab (1 - 9^) 6" 



a:, = - ( {l-q')b^ {q'-l)a+{q-l)a' (^l . q) b + (1 - q) ab 

{l-q)b+{q^ -l)ab {I ~ q^)b'^ {q - q^) a + {q^ - q) 

-qa — qa? —q^b + ab —qb^ 



1 



Ag =^ ^ -qb'^ -a-q^a? -q^b + q^ab 



V3 



—q'^b + qab —qb'^ —q^a — a^ 



Using the commutation relations for the reduced quantum group one can check that the 
usual commutation relations of SU{'i) are satisfied. One can also check that Tr{Xi) = and that 
Tr(XiXj) — 2Sij (when i ^ j the trace turns out to be proportional to 1 + g + = 0). 

Appendix C. A faithful representation of JF 

Let 6 s-iid £.2 be two commuting symbols (66 — 66) whose cube power vanishes (^J* = = 0)- 
Let us write 

10 

q-^ 
q-^ 




and, given that a = (1 + qbc)(P, 



1 66 
669 q 



669' q' 
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It can be checked that this is a faithful representation of the algebra T . It is a representation in 
terms of 3 x 3 matrices with entries in the ring generated over C by l,^i,^2- This representation 
is due to Q. 
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2 



Figure 1: The lattices of submodules for the principal modules of Ti. 
Appendix D. The lattice of submodules of Ti 

The theory of complex representations of quantum groups of type Uq{sl{2,'C)) at roots of unity 
has been investigated by a number of people, but it is not yet in a satisfactory state. Here we 
are interested in representation theory of the finite-dimensional quotient TL. Notice that these 
representations can be considered as particular representations p of Uq{sl{2, C)), namely those for 
which — p{X^^) = and p{K^) = 1. The structure of the regular representation was studied 

in Q and the representation theory — in particular the lattice of submodules — was given in [Q; 
the general study, for arbitrary N, is to be found in For the reduced algebra H there are 
three principal modules (i.e., projective indecomposable modules). One is three-dimensional and 
irreducible. The two others, 6eve and 6odd are six-dimensional. When Ti. is written in terms of 
matrices with entries in the Grassmann algebra with two generators, these two representations can 
be written as 6odd = + 592,^01 + 6' 02, a + (30102) and 6evc = ia + (30i02,a' + P'0i02,j0i + S02). 
Their lattices of submodules are obtained by requiring stability under the Ti. action. They are given 
in Figure |l|. The notation Po = Qodd and = 6eve refers to the fact that, when quotiented out 
by their respective radicals, those two indecomposable modules give irreducible representations of 
odd and even dimensions. 

Remember that there exists a one-to-one correspondence between irreducible representations 
of the algebra Ti. and the principal modules Sim &eve and Qodd- Irreducible representations are 
obtained from these principal modules by factorizing their radical, which amounts to kill the 
Grassmann "6*" variables. As seen on the figure, the radical of Q^ve is of dimension 4 and the 
radical of Qoddi of dimension 5. This gives us three irreducible representations, of dimensions 3, 
2 = 6 — 4 and 1 = 6—5. These are the three irreducible representations corresponding to the 
quotient Ti oiTihy its Jacobson radical: namely = C M2(C) ® M3(C). The dashed lines in 
Figure prefer to the projective covers of the various representations. 

The explicit definition given for Ti allows one to compute any tensor product of representa- 
tions and reduce them. Here we consider only the tensor products of projective indecomposable 
representations {&odd^ &eve and 3j^^) and the nontrivial irreducible ones (2 and 3j^^). 



2x2 


— 1 -l- 3j^^ 


6 

—eve 


X 3j^^ 


^ meve) 






2 X 3j^^ 


—eve 


^odd 


X 3j^^ 


^ 2(6,„J 


+ mrr) 




Q X 3 
^irr ^irr 


— —odd ~ ^irr 


6 

—eve 




= meve) 


+ 2{Qodd} 


+ 4(3,„) 




= ^odd + 2(3j^^) 


6 

— ei;e 


X §.odd 


^ mve) 


+ 2(6„,,) 


+ 4(3,„) 


6odd X 2 


— ^eve ~^ 2(^2rr) 


^odd 


X ^odd 


= 2(6,,J 


+ 2{Qodd) 


+ 4(3,„) 
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Appendix E. Metrics on indecomposable representations of Ti 



Using the unique Hopf compatible star operation * on Ti, we can calculate the most general metric 
on the vector spaces of each of the indecomposable representations of TL. Obviously, as we did in 
Section 5.5, we restrict the inner product to be a quantum group invariant one. 

On each representation space we use the basis obtained from appropriate restrictions of the 
natural basis of the column representations of Ti given in Section 4.5. For each indecomposable 
representation, we first write down the matrices of , X- and K in the selected base, then we give 
an explicit expression of the most general covariant metric, and finally we calculate its signature. 



/O 1 0\ / 0\ 

X+ = 1 X_ = -1 

yo 0/ V -1 0/ 

We get for the metric, up to a real global normalization, 

/ ~q^\ 
G= 1 

V-g / 

Diagonalizing this matrix we get G ~ Diag{l, 1,-1), so the signature is 



K= I 1 
\0 ql 



'6o 



dd 



X. = 



K 



G 































1 
























1 








1 





X 




1 
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oJ 






\o 





1 








0/ 
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q' 
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Vo 











1/ 
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R) 






















q 





On 
















-q 
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1 










Vo 











1 


0/ 








- Diag{l, 1, -1, 


-1,A 




, with A- 


f > 0, A 



this case, the signature is 



a= (+ + + ) 
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1 














K = 
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q' 





Vo 


1 








q) 




u 





1 





q) 




Vo 











1/ 



Up to a real factor, the metric we obtain is (/3, 7 e R, g e C) 



G = 



( 




9 

\ 



Its signature is 






iqi 


g 







-q^g 







-qg 











-iq'^13 




















0/ 


(++- 


-0), 







because G ~ Diag{X+, —X+, A_, — A_,0). 



X. 



Up to a real factor, 



thus 



10 

A2 



X_ = 



G 











c 










Ai 








iq 





-iq' 

















= (+- 


0) 





K = 



q 











q' 











1 



^eve 

/OOIOOOX /OOOOOOX 

-1/2 100] [0 000 -1 
_00 000 _ 1 00000 

+ ~00 001 -1/2 1 

100000 000000 

Vo 0/ V -1 0/ 

/g 0\ 

q (} 





1 

Vo 1/ 

Up to a normalization, the metric should be {(3 G K) 



G = 



( 








iqp 


-iq 















-iq 













-iq^(3 


- 2 
iq 
















iq^ 


































i 

0/ 


\ 














—i 



The signature is 

a={+ + + ) , 

because diagonalizing G we find G ~ Diag{l, —1, A+, — A+, A_, — A_) with A+ > 0, A_ < 0. 
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'0 10 0^ 

1 



>0 0. 



X. 








-1 





1 























\0 












We obtain the metric (a, /3 e M, 5 e C) 



G = 

































a 


9 








9 


13 



K = 



'g 0^ 

g2 (J 

10 

,0 1, 



The signature is now dependant upon the parameters, because the non-null block is an arbi- 
trary hermitian matrix. 





1 

























In this case, we find simply 



G = 











) - : 














■ 2 



eve 



Ol\ ^ /00\ „ MO 



Therefore 



^+ = (0 oj ^- = ii oj ^-lo 



-iq' 
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Appendix F. The space of differential operators on A4 



We now look at the structure of differential operators on the reduced quantum plane M, i.e., the 
algebra of 3 x 3 matrices. 



The operators dx and dy 

We already know what the operator d : ^y^^ = ^ — * ^wz 

A priori we can set df — dxdx{f) + dydy{f), where dx{f),dy{f) E Ai. This equation defines 
dx and dy as (linear) operators on M.. We shall see later that they are twisted derivations on the 
algebra M.. This definition implies in particular (take f = x or f = y): 

dx{x) = 1 dy{x) = 

dxiv) = dyiy) = 1 



The space V of differential operators on A4 

Generally speaking, operators of the type f{x, y)dx or f{x, y)dy are called differential operators of 
order 1. Composition of such operators gives rise to differential operators of order higher than 1. 
Multiplication by an element of is considered as a differential operator of degree 0. The space 
of all these operators is a vector space V = Qj^^Vi, graded by operators of 

Order 0: dim(r»o) = 9. 

Order 1: x^'y'^dx, x^'y'dy. dim(X>i) = 9 + 9 = 18. 

Order 2: x^'y'dxdx, x^'y'^dxdy, x'y^dydy. dim(X'2) 9 + 9 + 9 = 27. 

Order 3: x'^y'dxdxdy, x'-y" dxdydy dim(X'3) = 9 + 9 = 18. 

Order 4: x^y^dxdxdydy. dim(I?4) — 9 

All these operators are linearly independent. Moreover, since dim(I?) = 9 + 18 + 27 + 18 + 9 = 
81 = 9^ = diia{End{M)), we can identify V with End{M). 

Warning: We have here a problem of notations: the reader should distinguish, for instance, 
dx f which is a differential operator from to (namely, when acting on something, it multiplies 
what follows by /, and then acts with dx on the result) from dx{f) which is the evaluation of dx 
on /, hence an element of (which can, in turn, be considered as a differential operator of order 
0). The presence, or absence, of parenthesis should be enough to make this clear. 

The twisting automorphisms a and t^. 

Since we know how to commute x, y with dx, dy, we can write, for any element f E M. 

fdx = dxa%{f) + dyol{f) 
fdy = dxay{f) + dyal{f) 



where each matrix element of 



(^x 

V y 



is an element of End{Ai) to be determined. In particular, taking f — x and f = y 'm the above 
equations leads to 

a:{x)^q'x a^y{x)^0 
(jl{y)^qy <Jl[y)^^ 

<^x{x) = - 1)2/ <^yix) = 



Some properties of these automorphisms are discussed in 120 
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Moreover, let / and g be elements of A4. Using the associativity property {fg)dx — f{gdx), and 
the same with dy, we find 

with a summation over the repeated index k G {a;, y}. Thus the map a : f £ M ^ a{f) £ Al2{M) 
is an algebra homomorphism {(T{fg) — a{f)a{g)) from M to the algebra M2{M) of 2 x 2 matrices 
with elements in Ai. 

In the same way, we could have written for any element f £ A4 (note the transposed index 
convention) 

dxf = T^{f)dx + Ty{f)dy 
dyf = T^{f)dx + ry{f)dy 

hence defining another M M2{M) homomorphism r, since Tf{fg) — T^{f)Tl{g). 
dx and dy are twisted derivations 

The usual Leibniz rule for d, namely d{fg) = d{f)g + fd{g), implies 

dy if 9) J \ dy {f)g ) ^ \<r-y{f) cyy{I))\dy [g) 
or even 

d.U9)^d,{f)g + al{f)d,{,g) . 

This shows that dx and dy are twisted derivations (derivations twisted by an homomorphism). 
Actually, it is conceptually interesting to notice that one can get rid of the (explicit) twisting by 
introducing two distinct module structures on ^yyz- First of all, elements of ^lyz of the kind 

dx gi + dy g2 and can be written as a column vector [ ) . We can then consider rJw^ — as 

an A^-bimodule, taking as right module structure the standard one: 

9i\ r ^ f 9if 

92 J \92f 

and making use of the automorphism a for the left module structure: 

'51 \ ^ f<if) \ (gi 



^ ' \92 ) - \a^y{f) crl{f))\g2 

The operator d^ 9^ ) ^ derivation on the algebra M with values in the bimodulc — M^. 

Indeed, by using the two (distinct) left and right module structures just given, the twisted derivation 
properties of the operators dx and dy, when expressed in terms of d, read simply 

d{f9)^d{f)-9 + f-d{g) . 

Relations in T) 

For calculational purposes, it is useful to know the commutation relations between x, y and dx, dy, 
those between dx and dy, and the relations between the cr^. Calculations are straightforward but 
slightly cumbersome. . . here are the results (see also ^). 

Calculating dx{xf), dx{yf), dy{xf), dy{yf) gives the following relations (here we do not suppose 
that = 1): 

dxX = 1 + q^xdx + {q^ -l)ydy 
dxV = qy dx 

dy X = qx dy 
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dyV = l + q^ydy 

One can check that aU these relations are compatible with the defining relations of A4. 

We then calculate dxdy{x), dxdy{y), dydx{x), dydx{y)- Compatibility of the results implies the 
commutation relation 

dydx^q dx dy . 

Moreover, the fact that d^ y are central elements of I? if g"^ = 1 leads to 

d'x -d^^O. 

The commutation relations between the cr's can be obtained from the values of the cr*(x). 
Taking into account that ay = 0, the remaining non-trivial relations are 

X y 2 y x 

'^x'^x = q ^x'^x 

^ y ^ y^ X 

^ x^y H ^ y^ X 

Scaling operators 

It is useful to introduce the operators |^ 

^ix = 1 + (q"^ - l){xdx + ydy) 
fly = l + {q^-l)ydy 



Indeed, 



f-^x — q X Hx f^y X — X fly 

f^xy = q^yfj.x iJ-yV ^ q'^y f^y 



Observe that fj,x rescales x and y in the same way. This is not so for fiy. Their product satisfies 

f^x l^y — l^y l^x 

and also 

It is sometimes handy to rewrite the commutation relations between x,y and the first order oper- 
ators dx, dy in terms of the fix, fJ-y For instance. 



dx ^ l-^x ^" dx 

dyy = fiy + y dy 



The action of Ti. in terms of differential operators 

The twisted derivations dx, dy considered previously constitute a q-analogue of the notion of vector 
fields. Their powers (including zero) build up arbitrary differential operators. Elements of Ti. 
act also like powers of generalized vector fields (consider for instance the left action generated 
by X^,K^), but, of course, they are differential operators of a special kind: remember that 
dim(7i) = 27 whereas dim(X') = 81. One can say that elements of H act on A4 as fundamental 
differential operators since they are associated with the action of a (quantum) group on a (quantum) 
space. 

A priori, the generators X^, can be written in terms of x, y, dx, dy. In order to find these 
expressions, it helps to notice that dx and dy are respectively of weight —1/2, 1/2 in Z/3Z (see also 



the discussion at the end of Section 4.4). Writing the generators as arbitrary differential operators 
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of a fixed weight, one can determine the coefficients by imposing that equations (^4|), ( p2[ ) are 
satisfied. A rather cumbersome calculation leads to the following unique solution: 

xdy + {q- l)xydl 
yd^ + iq- g2) xy 8^ + {1 - q) y^d^dy 

l+{q-l)xd.:, + {q^ -l)ydy~3qx^dl + 3{l-q) x^y d^dy + 9 x'^y^ 9^9^ 
^l+{q^ -l)xd^ + iq-l)ydy-Sxyd^dy-3qy^dl 

An alternative way of writing these, is to make use of the scaling operators, 

= ^^Hy 

= f^lxdy 

= qiJ-xydx 
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Appendix G. The universal R matrix of Ti 



We did not discuss the i?-niatrix aspects of Ti. in the main body of this paper, however it can be 
seen that Ti is actually a braided and quasi-triangular finite-dimensional Hopf algebra — as it is 
well known, the quantum enveloping algebra of SL(2) does not posess these properties when q is 
a root of unity. The universal R matrix can be obtained directly from a general formula given in 
p2| but one also obtain in a pedestrian way. In any case, the answer is simply the following: 



R = 



— [l (g) 1 + (1 (g) if + if (g) 1) + (1 (g) if 2 (g) 1) 

+q^{K ®K^ + K'^®K) + qK®K + qK^ g) K^] 
X [1 (g 1 (g - q-^)X^ ®X++ iqXl (g Xl] 



By using the explicit formulae for the generators Jf+j X- and K given in Appendix E, one can 
obtain the expression of R in any representation (including reducible indecomposable ones). One 
can then check that the defining quadratic equations for the quantum plane and its Manin dual 
are respectively recovered by writing Axx = Q (respectively S xx = 0). Here S and A are the two 
projectors entering the spectral decomposition of the numerical R = {flip).R matrix 



5- 



R = qS 
A = 1 



(TrS = 3 , TrA = 1) 



R being this time the numerical i?-matrix in the fundamental representation. 
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